HIGHER-ORDER ALEXANDER INVARIANTS AND FILTRATIONS OF THE 

KNOT CONCORDANCE GROUP 

TIM D. COCHRAN AND TAEHEE KIM t 

Abstract. We establish certain "nontriviaUty" results for several filtrations of the smooth and topo- 
logical knot concordance groups. First, as regards the n-solvable filtration of the topological knot 
concordance group, C, defined by K. Orr, P. Teichner and the first author lUOTll : 

C ■ ■ ■ C („.5) C JF^^j C ■ ■ ■ C .F(i.5) C .7^ (1.0) C J^{o,5) C (0) c C, 

we refine the recent nontriviality results of Cochran and Teichner ICTI by including information on the 
Alexander modules. These results also extend those of C. Livingston ILiI and the second author |K|. We 
exhibit similar structure in the closely related symmetric Grope filtration of C considered in ICTI . We 
also show that the Grope filtration of the smooth concordance group is nontrivial using examples that 
cannot be distinguished by the Ozsvath-Szabo r-invariant nor by J. Rasmussen's s-invariant IUSIIRa| . 
Our broader contribution is to establish, in "the relative case", the key homological results whose 
analogues Cochran-Orr- Teichner established in "the absolute case" in ICUTll . 

We say two knots Kq and Ki are concordant modulo n-solvability if Koi^{—Ki) £ Our main 

result is that, for any knot K whose classical Alexander polynomial has degree greater than 2, and 
for any positive integer n, there exist infinitely many knots Ki that are concordant to K modulo n- 
solvability, but are all distinct modulo n.5-solvability. Moreover, the Ki and K share the same classical 
Seifert matrix and Alexander module as well as sharing the same higher- order Alexander modules and 
Seifert presentations up to order n — 1. 



1. Introduction 

Oriented knots Kq and Ki in the 3-sphere are called (topologically) concordant if there is a topolog- 
ically locally flat proper embedding of x [0, 1] into x [0, 1] that restricts to the Ki on x {i}. 
Equivalently, Kq is concordant to Ki if A'o#(— i^i) is (topologically) slice, that is, if Kq^{—Ki) bounds 
a topologically locally flat disk in the 4-ball. Here denotes the connected sum, and —Ki is the 
mirror image of Ki with reversed string orientation. Concordance is an equivalence relation on the set of 
oriented knots, and the set of equivalence classes {concordance classes) forms an abelian group, C, under 
the operation of connected sum. This group is called the (topological) knot concordance group. The 
classification of the knot concordance group is still open, and it has been one of the central problems in 
knot theory. A common strategy of investigating the knot concordance group is to extract information 
from abelian covers or metabelian covers of the exterior of a knot (see |E1 l("SI \CAi\ RTl IKLI ILel iFYjV 
On the other hand, requiring smooth embedding instead of topologically locally flat embedding, we can 
define the smooth knot concordance group, which is denoted by C™""*'*. in smooth knot concordance 
theory, there have been recent and very interesting developments using knot Floer homology OS and 
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Khovanov homology |R,aj . In this paper we concern ourselves mainly with topological knot concordance. 
Hence we work in the topologically locally flat category unless mentioned otherwise. 

Cochran, Orr, and Teichner (henceforth COT) recently made significant progress in the study of C 
using derived covers of the exterior of a knot ,C0T1) . (A derived cover is a covering space corresponding 
to a derived subgroup of the fundamental group of the space.) In particular, they defined a filtration 
{J^(n)}ne^No ^^"^ knot concordance group: 

C • • • C J^{n.5) C J^(„) C • • • C .^^(1.5) C J^{1.0) C .F(o.5) C J^(o) C C. 

Here ^(n) is a- subgroup of C consisting of n-solvable knots. (A knot K is said to be n-solvable if the 
zero surgery on the knot in the 3-sphere bounds a spin 4-manifold W which satisfies certain conditions 
on integral homology groups and intersection form on the n-th derived cover of W. In this case, we say 
K is n-solvable via W, and W is called an n- solution for K. Refer to |(X)T1I Sect ion 81.) COT showed 
that the previously known abelian and metabelian concordance invariants are refiected at the first stage 
of their filtration |COTlj . implying that the abelian group .^(i.o)/-^(i.5) has infinite rank. They also 
established that ^(2.0)/ ^{2.5) has infinite rank |COT2| . Moreover, Cochran and Teichner showed that 
J'{n}/^{n.5) has positive rank for every integer n > 2 jCT| . It is still unknown whether or not ^(n)/J'{n.5) 
is infinitely generated for n > 2, or whether or not ^(n.5)/^{n+i) is non-trivial. Thus, although J- has 
been shown to be highly non-trivial, many questions about its structure remain open. 

These non-triviality results have been refined in the case n = 1. C. Livingston recently asked if one 
can always find non-concordant knots which share a given (classical) Seifert form. That is, given 
can one always find other knots, distinct up to concordance, which share the same (classical) Seifert 
form as K7 As he observed, if K has the Seifert form of an unknot (has Alexander polynomial 1) then 
the answer is certainly "No" , since all knots with Alexander polynomial 1 are topologically concordant 
to the trivial knot and hence concordant to each other (by M. Freedman's work |f1 |FQ| ). Livingston 
gave a partial answer in the positive to his question using Casson-Gordon invariants This work was 
completed by the second author, who showed that there always exist such knots for a given (classical) 
Seifert form if and only if the Alexander polynomial of the Seifert form is not trivial. More precisely, 
in 121 he showed that for a given knot K whose Alexander polynomial has degree at least 2, there are 
infinitely many knots Ki (with Kq = K) such that Ki — K is 1-solvable, but Ki — Kj {i ^ j) is not 
(1.5)-solvable, and Ki shares the same (classical) Seifert form (hence the same (classical) Alexander 
module) as the knot K. We view these results as non-triviality results for T that are finer (for n — 1) 
than those of |COTlj[nnT2| [nT ] . They suggest further questions. Is the Livingston-Kim result true 
for n > 1? Moreover, is there an even finer result that constructs such examples while fixing not only 
the (classical) Seifert form (hence the (classical) Alexander module) but also the higher-order Seifert 
forms and higher-order Alexander modules developed in 0? This paper answers these questions in the 
positive as long as the degree of the Alexander polynomial is at least 4 (see below). To do so we found 
the need to extend the technology of |COTl| to a "relative" setting, and to greatly generalize the key 
technical result of Cochran and Teichner |CTI Theorem 4.3]. We expect that this extended technology 
will be of independent interest, enabling further work in this area. 

In this paper, we introduce the notion of an n-cylinder fDefinition l2.1(l . generalizing the notion of an 
n-solution of COT . The difference is that an rt-solution allows only one boundary component, whereas 
an n-cylinder can have multiple boundary components. A basic (trivial) example of an n-cylinder (with 
two boundary components) is a (spin) homology cobordism between the zero surgeries on two knots. If 
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two knots are concordant then one can easily find such an n-cylinder (which in this case is a homology 
cobordism), by doing surgery on x [0, 1] along the annulus cobounded by the knots f Remark 12. 2r 4'l'). 
Using this, we define a family of new equivalence relations on the knot concordance group, that we call 
n-solvequivalence (see Definition I2.5fl : Kq is n-solvequivalent to Ki if the zero-framed surgery on ifg 
and the zero-framed surgery on Ki cobound an n-cylinder. From the basic example above, it is clear 
that concordant knots are n-solvequivalent for all n. 

On the other hand, the filtration T of COT immediately suggests another family of equivalence re- 
lations on C, given as follows. We say Kq and Ki are concordant modulo n-solvability if Kq^{—Ki) is 
n-solvable. There is a close relationship between n-solvability and n-solvequivalence. It is not difficult 
to show that if two knots are concordant modulo n-solvability, then they are n-solvequivalent (Propo- 
sition [^7|), but we have not been able to establish the converse. Hence n-solvequivalence is a possibly 
weaker obstruction to concordance than n-solvability. Note that n-solvequivalence reflects information on 
the zero surgeries on each Ki separately, but concordance modulo n-solvability reflects only information 
on the zero surgery on Ko^{—Ki) (see Proposition 13. 6|l . 

As an application of n-solvequivalence and of our other extensions of the technology of |COTl|[nnT2] 
jCT| . we obtain the following theorem, generalizing the nontriviality results cited above. The condition 
that the degree of the Alexander polynomial be at least 4 may seem ad hoc. However, very recent work 
of S. Friedl and Teichner |FT| complements our theorem and we use it to show that our theorem is "best 
possible", in the sense that it is false for certain knots whose Alexander polynomial has degree 2. 

The reader is referred to |('TI Section 3] for the deflnition of symmetric Gropes. Let G be a group. 
Then the n-th derived group of G is inductively defined by G^"^ = G and G^'^+i) = [G("),G(")]. 

Theorem 15.11 (Main Theorem). Let n be a positive integer. Let X be a knot whose Alexander 
polynomial has degree greater than 2 (if n = 1 then degree equal to 2 is allowed). Then there is an 
infinite family of knots {Ki \ i = 0, 1, 2, . . .} with Kq = K that satisfies the following : 

(1) For each i, Ki — K is n-solvable. In particular, Ki is n-solvequivalent to K. Moreover, Ki and 
K cobound, in S'^ x [0, 1], a smoothly embedded symmetric Grope of height n + 2. 

(2) If i ^ j, then Ki is not (n.5)-solvequivalent to Kj. In particular, Ki — Kj is not (n.5)-solvable, 
and Ki and Kj do not cobound, in x [0, 1], an embedded symmetric Grope of height (n + 2.5). 

(3) For each i, Ki has the same order m integral higher-order Alexander module as K for m ~ 
0, 1, . . . , n — 1. Indeed, if Gi and G denote the knot groups of Ki and K respectively, then there 
is an isomorphism Gi/ {GiY"'~^^^ G/G^"+^^ that preserves the peripheral structures. 

(4) For each i, Ki has the same m'^'-higher-order Seifert presentation as K ior m = 0,1, . . . ,n — 1. 
In particular, all of the knots admit the same classical Seifert matrix. 

(5) If i > j, Ki — Kj is of infinite order in J-{n)/^{n.5)- 

(6) If i,j > 0, s{Ki) — s{Kj) and T{Ki) = T{Kj), where s is Rasmussen's smooth concordance 
invariant and r is the smooth concordance invariant of P. Ozsvath and Z. Szabo ^Iiai,,QS,- 

The general term higher-order Alexander modules was first used in j(X)Tlj . The higher-order Alexan- 
der modules and higher- order Seifert presentations of a knot that we use here were introduced and 
developed by Cochran j2] ■ These are defined in terms of the homology of the derived covers of the knot 
exterior. Definitions are given in Section 13 But in particular, these generalize (the case n = 0) the 
classical Alexander module and Seifert matrix. Therefore, the case n = 1 of our theorem recovers the 
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previously mentioned results of Livingston and Kim. If the degree of the Alexander polynomial is pre- 
cisely 2 then the Livingston-Kim result says that it is possible to fix the classical Seifert matrix (m = 0), 
but we show, using recent work of Friedl and Teichner, that there are at least some such knots for which 
it is not possible to fix any higher-order Seifert presentation matrices. Specifically, the main theorem 
fails for n > 1 if we allow knots whose Alexander polynomials have degree 2 (see Proposition IS . 1 0|) . More 
details are within. 

As another obvious corollary we recover the aforementioned result of Cochran and Teichner |CT| . 
CoroUarv 15.21 |CT) For every positive integer n, ^(n)/^{n.5) has positive rank. 

Indeed, this corollary is essentially equivalent to parts (1) and (5) in Theorem 15.11 and so our new 
contribution lies in being able to impose (3) and (4). 

Now consider the filtration of C given by the subgroups Gn of knots that bound topologically embedded 
symmetric Gropes of height n in B'^ and the filtration of the smooth knot concordance group C*™""*'* 
given by the subgroups g^°°*^ of knots that bound smoothly embedded symmetric Gropes of height 
n in B"*. It was shown in |UTI Theorem 1.3] that Gn+2lGn+2.z has positive rank if n > 0. It follows 
from their work (although not explicitly stated) that G'^2°*^ I ^n+Tb^ has positive rank. Our work 
recovers these results, together with the added control of the Alexander and Seifert data, and allows for 
the following additional observations concerning the smooth concordance invariants of Rasmussen and 
Ozsvath-Szabo. 

Corollary 15. 3L Let n be a positive integer. 

1- G'^f'^^ I Qii+Ti^ has elements of infinite order represented by knots K with s{K) = and 
t{K) ^ 0. 

2. The kernel of the homomorphism ST : Gn+T'''' ^ ^ x Z given by ST{K) = {s{K),t{K)) is 
infinite. 

Our Proposition 16.31 and Theorem 16.41 represent a significant strengthening of the crucial technical 
results of Proposition 6.2 and Theorem 6.3 in jCT| . In the process, we introduce the notion of an 
algebraic n-solution which should be considered as an algebraic abstraction of our notion of an rt-cylinder 
f Definition 16. II and Proposition 16.31) . In fact, an algebraic n-solution was introduced by Cochran and 
Teichner in |St|, but our notion is much more general. 

For an obstruction to n-solvequi valence, as in 'C OTl|[COT2|[nT] . we use the Cheeger-Gromov von 
Neumann p-invariant (Theorem 14 . 21 and CoroUarv 14. 2(1 . |ChG| . For this purpose, we analyze the twisted 
homology groups of an n-cylinder and its boundary in Section |31 

This paper is organized as follows. In Section 12 we define an n-cylinder and n-solvequivalence. We 
also investigate the relationship between n-solvability and n-solvequivalence. In Section 13 the twisted 
homology groups of an n-cylinder and its boundary are analyzed. In Section^ we explain how to realize 
von Neumann p-invariants as obstructions to 7i-solvequi valence. All of these sections generalize |COTl) 
by extending to "the relative case". The main theorem is proved in Sectional In the last section, we 
define and investigate an algebraic n-solution. Here, we not only generalize j(^Tj to the relative case but 
also significantly strengthen a primary technical tool. In a strictly logical order, SectionElwould precede 
Section but we have chosen to place Section after Section since the arguments in Section are 
very technical. 
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2. n-CYLINDERS AND n-SOLVEQUIVALENCE 

In this section, we define an n-cylinder and n-solvequivalence. Throughout this paper integer coeffi- 
cients are understood for liomology groups unless specified otherwise. 

Recall that a group G is called n-solvable if = 1. If X is a topological space, X^"^ denotes the 

covering space of X corresponding to the n-th derived group of tti{X). For a compact spin 4-manifold 
W there is an equivariant intersection form 

A„ : iJ2(M^*"^) X iJ2(W^'"^) — Z[7ri(T^)/7ri(T^)(")] 

and a self- intersection form |Wal Chapter 5] |COTl1 Section 7]. (Here H2{W''"'^) is considered to be 
a right Z[7ri(VF)/7ri(W^)("^]-module.) In general, these intersection forms are singular. 

Let us denote the boundary components of W by Mi {i = 1,2, . . . ,£). That is, dW = Y[i=i'^i 
where each Mi is a connected 3- manifold. Let / = Imagejinc* : H2{dW) H2{W)} where inc* is 
the homomorphism induced by the inclusion from dW to W. Then the usual intersection form factors 
through 

: H2iW)/I X H2{W)/I — * Z. 
We define an n-Lagrangian to be a Z[7ri(VF)/7ri(VF)(")]-submodule of H2{W'^'^^) on which A„ and 
vanish and which maps onto a i-rank direct summand of H2{W)/I under the covering map. An n- 
surface is defined to be a based and immersed surface in W that can be lifted to W'^^'l Observe that 
any class in H2{W'^"'^) can be represented by an n-surface and that A„ can be calculated by counting 
intersection points in W among representative n-surfaces weighted appropriately by signs and by elements 
of 7ri{W) /tti{WY'^\ We say an n-Lagrangian L admits m-duals (for m < n) if i is generated by (lifts 
of) n-surfaces , £2 , ■ • ■ , and there exist m-surfaces di,d2, . . . ,dg such that H2 {W) / 1 has rank 2g and 
Xmi^i, dj) — Sij. Similarly we can define a rational n-Lagrangian and rational m-duals. Here we do not 
require that W be spin and /i„ is not discussed. A rational n-Lagrangian i is a Q[7ri(W)/7ri(PF)^"^]- 
submodule of iJ2(W^^"^; Q) on which A„ (with Q[Tri(W) / 7ri{WY"-^] coefRcients) vanishes and which maps 
onto a i-rank direct summand of H2{W;Q)/ Iq under the covering map. Here Jq = Image{incH< : 
H2{dW; Q) ^ H2{W; Q)}. We say a rational n-Lagrangian L admits rational m-duals (for m < n) if L 
is generated by n-surfaces £1,(2, ■ ■ ■ and there are m-surfaces di,d2, . . . ,dg such that H2{W;Q) / Iq 
has rank 2g and \m{ii, dj) ~ 5i,j. 

Definition 2.1. Let n be a nonnegative integer. 

(1) A compact, connected, spin 4-manifold W with dW = IJi=i where each Mi is a connected 
component of dW with _ffi(Mj) = Z is an n-cylinder if the inclusion from Mi to W induces an 
isomorphism on Hi{Mi) for each i and W admits an n-Lagrangian with n-duals. In addition to 
this, if the n-Lagrangian is the image of an (n + 1)-Lagrangian under the covering map, then W 
is called an (n.5)- cylinder. 

(2) A compact, connected 4-manifold W with Hi{W; Q) = Q and with dW ~ Y[l=i where each 
Mi is a connected component of dW with Hi(Mi) = Q is a rational n-cylinder of multiplicity 
{mi, 7712, . . . m^} (mi £ Z) if the inclusion from Mi to W induces an isomorphism on Hi{Mi; Q) 
such that a generator 1 in Hi{Mi) /torsion is sent to mi in Hi{W) /torsion and W admits a 
rational n-Lagrangian with rational n-duals. In addition to this, if the rational n-Lagrangian is 
the image of a rational (n + 1)-Lagrangian under the covering map, then W is called a rational 
{n.5)- cylinder of multiplicity {mi,m2, . . . ,mi}. 
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Remark 2.2. (1) By naturality of intersection forms and commutativity of the diagram below, the 
image of an n-Lagrangian in H2{W)/I becomes a metabohzer for the Ao and it foUows that the 
signature of W is zero. The same is true for a rational n-Lagrangian. 

i72(W^*"^) X H^iW^''^)^ Z[7ri(H/)/7ri(H/)("'] 

I I I 

H2{W)/I X H2{W)II^ 1 

(2) Using twisted local coefficients, iJalM^^"^) is identified with i/2(T^; Z[7ri(M/^)/7ri (Ty)(")]) as (right) 
Z[7ri {W) /tti (M^)(")]-modules. 

(3) An n-cylinder is, in particular, a rational n-cylinder of multiplicity {1, 1, . . . , 1}. 

(4) A spin homology cobordism, say W , between two closed, connected, oriented 3-manifolds is an 
n-cylinder since H2{W)/I = 0. 

The notion of n-cylinder extends the notion of n-solution in |COTll Definitions 1.2,8.5,8.7]. This is 
clear from the following proposition. 

Proposition 2.3. A ^-'manifold W with one boundary component is an n-cylinder if and only if it is 
an n-solution. 

Proof. Suppose y is a compact, connected, spin 4-manifold with dV — N where N is connected, 
Hi{N) = Z, and the inclusion from N to V induces an isomorphism on Hi{N). To prove the proposi- 
tion, we only need to show J = Image{inc* : H2{N) — > H2{V)} = where inc* is the homomorphism 
induced by the inclusion. Since the inclusion induces an isomorphism on the first homology, inc* : 
H^{V) — > H^{N) is an isomorphism. By Poincare duality, the boundary map H3{V,N) — > H2{N) is 
an isomorphism. Hence inc* : H2{N) — > H2{V) is a zero homomorphism in the homology long exact 
sequence of the pair (V, N) . □ 

Remark 2.4. In a similar fashion, one can easily see that a 4-manifold W with one boundary component 
is a rational n-cylinder if and only if it is a rational n-solution (see |COTll Definition 4.1]). 

Using n-cylinders, we define n-solvequivalence between 3-manifolds and between knots. 

Definition 2.5. Let n G ^Nq. Let Mi and M2 be closed, connected, oriented 3-manifolds. 

(1) If there exists an n-cylinder W such that dW = Mi ]J —AI2, then Mi is n-solvequivalent to M2 
via W. 

(2) If there exists a rational n-cylinder (of multiplicity {nii, — m2}) W such that dW — Mi ]J —M2, 
then Ml is rationally n-solvequivalent to M2 via W (of multiplicity {mi,m,2}). 

(3) For given two knots Ki {i — 1,2), if the zero framed surgery on along Ki is (rationally) n- 
solvequivalent to the zero framed surgery on along K2 via W, then we say Ki is (rationally) 
n-solvequivalent to K2 via W . 

It is not hard to show that n-solvequivalence is an equivalence relation. Here we give a proof only for 
transitivity. 

Proposition 2.6. Let L, M, and N be closed, connected, oriented 3-manifolds with Hi{L) = Hi{M) = 
Hi{N) = Z. Let n G 5N0. Suppose L is n-solvequivalent to M via V and M is n-solvequivalent to N 
via W . Then L is n-solvequivalent to N via V Um W . 
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Proof. Let n e N. Let X = 1/ Um W. Then dX = L\[ -N. We need to show that X is an n- 
cylinder. The proof for the condition on the first homology groups is not hard, hence left for the 

readers. Denote the inclusion map from A to B hy iA.B for two topological spaces A C B. Using the 
long exact sequences of pairs, one can prove that H2{V) / {idv,v)*{H2{dV)) = -ff2(^)/(*L,v)*(-f^2(-^^)) — 
H2{V)/{iM,v)*{H2{M)). We have similar isomorphisms for {W, MY[—N). Now from the Mayer- Vietoris 
sequence for V and W along M, one can see that 

{H2iV)/{i9v,vUH2{dV))) e {H2{W)/{iaw,w)4H2{dW))) ^ H2{X)/{iax,xUH2{dX)). 

Since (iy.x)* and {iw,x)* map 7ri(F)'^"^ and 7ri(VF)'^"^ into 7ri(X)("\ respectively, and intersection forms 
are natural, the "union" of the n-Lagrangian with n-duals for V and the n-Lagrangian with n-duals for 
W constitutes an n-Lagrangian with n-duals for X. 

The proof for the case when n is a half-integer is left to the reader. □ 

The notion of n-solvability defined by COT suggests an equivalence relation on C wherein Kq ~ Ki if 

and only if Kq^(—K{) is n-solvable. This relation has not been given a name. The following proposition 
reveals the close connection, for knots, between n-solvequivalence and the equivalence relation arising 
form COT's n-solvability. We initially expected that these two equivalence relations were in fact identical. 
However, we have not proved this and now believe that they may be slightly different. 

Proposition 2.7. Let n G 5N0. For knots Kq and K\, if Ko#{—Ki) is n-solvable, then Kq is n- 
solvequivalent to Ki. 

Proof. Suppose n S No- Let Mo, Mi, and Ad denote the zero surgeries on along Kq, Ki, and 
Ko^{—Ki), respectively. We construct a (standard) cobordism between Mo]J(— Mi) and M. Take a 
product (Mo]J— Ml) x [0,1]. By attaching a 1-handle along (Mo]J-Mi) x {1} we get a 4-manifold 
whose upper boundary is Mo#(— Mi). Note that Mo#(— Mi) is also obtained by taking zero framed 
surgery on along a split link KqIJ—Ki. Next add a zero framed 2-handle along the upper boundary 
of this 4-manifold such that the attaching map is an unknotted circle which links Kq and —Ki once. 
Then the resulting 4-manifold has upper boundary M as may be seen by sliding the 2-handle represented 
by zero surgery on Kq over that of Ki. This 4-manifold is the cobordism C between Mo ]J —Mi and M. 
Since Ko=f^{—Ki) is n-solvable, M bounds an n-solution V. Let W = C Um V. We claim that W is an 
n-cy Under with dW = Mq ]J —Mi. This will complete the proof. 

Note that dW = Mq ]J —Mi. One sees that H2{Mq) and H2{Mi) are generated by capped-off Seifert 
surfaces for Ko and Ki. respectively. It is easy to show that H2{C) = H2{Ma) ® H2{Mi) (= Z©Z) and 
Hi(C) = Hx{Mi) = Hi{Mq) = Hx{M) (= Z) using Mayer- Vietoris sequences. Also one sees that the 
inclusion from M to C induces an injection inc* : H2{M) — > i?2(C) where H2{M) = Z and inc* sends 
1 (s Z) to (1,1) (g Z © Z). Consider the following Mayer- Vietoris sequence : 

> H2{M) A H2{C) © H2{V) H2{W) ^ Hi{M) Hx{C) © Hi{V) ^ ■ • • . 

Since h is an injection, g is a zero map. Since H:>,(V.M) H2{M) is a dual map of H^{V) H^{M) 
which is an isomorphism, by the long exact sequence of homology groups of the pair (V, M) , the inclusion 
induced homomorphism H2{M) H2{V) is a zero map. Thus the image of / in H2{V) is zero and 
by our previous observation the image of / in i?2(C) is isomorphic to Z generated by (1, 1) in H2{C). 
Therefore H2{W) = H2{V) © Z. Furthermore the last Z summand on the right hand side is exactly 
Image{inc* : H2{dW) — > i?2(W)}, which is denoted by /. Hence H2{W)/I ^ H2{V). Since ^ is a 
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subspace of W, t:i{VY"'> is a subgroup of tti (M^)'^"^ . This implies that /c-surfaces in V are also /c-surfaces 
in W for every integer k. Now by naturality of (equivariant) intersections forms, one can prove that an 
n-Lagrangian with n-duals for V maps to an n-Lagrangian with n-duals for W. 

Clearly is a compact, connected 4-manifold, and it only remains to show W is spin. But this is 
obvious since C and V are spin and when we take the union of C and V we can adjust spin structure of 
either of C and V to make W spin. 

Finally, in the case Kq^{—Ki) is (n.5)-solvable via V, Kq is (n.5)-solvequivalent to Ki via W where 
W is constructed as above. The argument for a proof for this goes the same as above, and one just needs 
to notice that an (n+ 1)-Lagrangian with n-duals for V maps to an 1)-Lagrangian with n-duals for 
W. □ 

Remark 2.8. There are a couple of natural arguments for attempting to prove the converse of Proposi- 
tion [^7| but they do not work completely since capped-off Seifert surfaces for knots do not lift to higher 
covers of 4-manifolds in the arguments. 

3. Homology groups of an n-CYLiNOER and its boundary 

Let r be a poly- (torsion- free- abelian) group (abbreviated PTFA). Then ZF is an Ore Domain and 
thus embeds in its classical right ring of quotients /Cr, which is a skew field jCOTll Proposition 2.5]. The 
skew field JCr is a ZF-bimodule and has useful properties. In particular, K-r is flat as a left ZF-module 
(see |Stel Proposition n.3.5]), and every module over /Cr is a free module with a well defined rank over 
A^r- The rank of any ZF-module M is then defined to be the A^r-rank of M (g^r A^r- Now we investigate 
Hq, Hi, and H2 of an n-cylinder W and its boundary with coefficients in ZF or ICp- Throughout this 
section, F denotes a PTFA group and ICr its (skew) quotient field of fractions. The following two basic 
propositions are due to |COTl| . 

Proposition 3.1. |UOTll Proposition 2.9] Suppose X is a CW -complex and there is a homomorphism 
(j) : TTii^X) — > F. Suppose "0 : ZF —^ TZ defines TZ as a "LT -bimodule and some element of the augmen- 
tation ideal o/Z[7ri(X)] is invertible in TZ. Then Ho{X;TZ) — 0. In particular, if (jj : tti(X) —> F is a 
nontrivial coefficient system, then Ho{X; ICr) = 0. 

Proposition 3.2. jCOTll Proposition 2.11] Suppose X is a CW -complex such that tti(X) is finitely 
generated, and (p : tti(X) > T is a nontrivial coefficient system. Then 

Tk^^Hi{X;ICr)<f3i{X)-l. 

In particular, if (3i{X) — 1, then Hi{X; K-r) ~ 0. That is, iJi(A";ZF) is a "LT -torsion module. 

Since a rational n-cylinder W has l3i{W) = 1 we have: 

Corollary 3.3. Suppose W is a rational n-cylinder with dW = Uf^j^ Mj where each Mi is a con- 
nected component of dW . If (j) ■ T^iiW) — > F is a nontrivial coefficient system, then Ho{W;ICr) = 
Hi{W;ICr) = and 7?o(M,;/Cr) = ifi(Mi;/Cr) = for all i. Moreover, H2{M,;ICr) = for all i. 

Proof. A short technical argument shows that the restriction of the coefficient system to each 7Ti{Mi) is 
non-trivial (see the proof of |(X)T1I Proposition 2.11]). The proof for Hq and Hi follows from the previous 
two propositions and the definition of a rational n-cylinder. Notice that H2{Mi; ICr) = H^(Mi:ICr) — 
Hi{Mi; ICr) = by Poincare duality and the universal coefficient theorem. □ 
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The following proposition about H2 plays an essential role in showing that von Neumann p-invariants 
obstruct n-solvequivalence. It extends Proposition 4. 3 of |COTl| . For the case that W has one boundary 
component, refer to Proposition 4. 3 in jCOTlj . Let Jq = Image{inc* : H2[dW\Q) iJ2(M^;Q)}. 

Proposition 3.4. Suppose W is a compact, connected, oriented A-maniJold with dW — Mi ]J Af where 
M = UL2 o-re connected, i ^ 1,2, . . . J {1 > 2), and, for all i, Hi{Mi; Q) ^ Hi{W; Q) = Q, 

induced by inclusion. Suppose (j) : TiiiW) — > F is a nontrivial (PTFA) coefficient system. Then 

Yk^^H2{W; Kv) - rkQ(i/2(VF; Q)//q) = (rkg H2{W; Q)) - (£ - 1). 

Moreover, suppose there are 2-dimensional surfaces Sj and continuous maps fj : Sj > W (j G J) 

that are lifted to fj — > Wr where Wr is a regular T -cover associated to (j). If {[fj] | j £ J} is linearly 
independent in H2{W,M;Q), then {[fj] [ j €z J} is QT-linearly independent in H2{W,M;QT). 

Proof. Since W has nontrivial boundary, we can choose a 3-dimensional CM^-complex structure for 
{W,dW). Let C^{W) be a cellular chain complex associated to a chosen CVF-complex structure with 
coefficients in Q. Let C*(Wr) be the corresponding free JCr chain complex of Wr that is freely generated 
on cells of W. Let bi = ikjcj, Hi{W ; ICr) and pi = TkqHi{W;Q) for 1 < i < 4. In this proof all chain 
complexes and homology groups are with coefficients in Q unless specified otherwise. 

By Corollarv l3.3l bo — bi — 0. By Poincare duality and the universal coefficient theorem, Hs{W; /Cr) — 
H^{W, dW; /Cr) == Hi(W, dW; ICr)- Using the long exact sequence for the pair {W, dW) with coefficients 
in /Cr, Proposition 13. II and Proposition 13. 21 one sees that Hi{W, dW; ICr) — 0. Here we also need that 
the coefficient system restricted to each Mi is non-trivial as mentioned previously (see proof of [COTll 
Proposition 2. 1 1]). Hence 63 = 0. 

On the other hand, H3{W) ^ H^{W,dW) = Hi{W,dW). In the following long exact sequence 

> HiidW) ^ Hi{W) Hi{W,dW) Ho{dW) ^ HoiW) HoiW,dW) 0, 

the maps / and g are surjective. Therefore Hi{W, dW) = Q^~^ and P3 = £—1. It is clear that /3o = Pi = 
1. Since the Euler characteristics of C*(W) and C,(Wr) are equal, we deduce that b2 = P2 — {£ — !)■ 
For vk(^{H2{W) / Iiq) , use the following long exact sequence : 

H2{dW) H2{W) H2{W,dW) Hi{dW) ^ Hi{W). 

Since / is a surjection from to Q, we have an exact sequence as follows. 

^ H2{W)m ^ H2{W,dW) ^ Q^-i ^ 0. 

Thus rkQ(iJ2(VF)/-^Q) — P2 — {£ — !)■ This completes the first part of the proof. 

For the second part, let X be the one point union of Sj using some base paths. Let / : X — > W and 
/ : X — > Wr be maps which restrict to fj and fj, respectively. By taking mapping cylinders, we may 
think of X as a (2-dimensional) subcomplex of W and C*(X) as a subcomplex of C, (VK). If we denote 
by Xr the regular F-cover associated to o (which can be thought of as a subcomplex of Wr), then 
C*(Xr) is a subcomplex of C,(Wr). In fact, by our hypothesis fj lifts to fj, and this implies that (?!)o/, 
is trivial on 7ri(X). Hence Xr is a trivial cover which consists of F copies of X. Consider the following 
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commutative diagram where each row is exact. 



HsiW^M) ► H3{W,MUX) ► H2{X) H2{W,M) 

Since Xy is a trivial cover, H2{X;Qr) is a free QF-module on {[S'j]}. Thus to complete the proof, 
we need to show is injective. Since H^iW^M) ^ H\W,Mi) ^ Hi(W, Ah) = and C^{W,M) 
is a 3-dimensional chain complex, : C3{W,M) — > C2{W,M) is injective. Notice that C^,{W,M) 
can be identified with C*(VFr,Mr) ^qr Q (similarly for C*(X) and C^W^M U X)). Then by [Strl 
pg.305] (or see |COTll Proposition 2.4]), d# : C3{Wr,Mr) — > C2(Wr,Mr) is also injective. Hence 
we obtain H3{W,M;QT) = 0. Now it suffices to show H3{W,M U X;QT) = 0. Since /, is injective 
by our hypothesis, H3{W,M U X) = 0. Since C^,{W,M U X) is a 3-dimensional chain complex, this 
iniphes that d# : C3{W,M U X) — > C2iW,M U X) is injective. Once again by EI3 Pg-305], % : 
C3(Wr, Mr U Xr) — > C2(Wr, Mr U Xr) is injective. Therefore HsiW, M U X; QT) = 0. □ 

We now investigate the relationship between the first homology groups of an n-cylinder and its bound- 
ary components. The following lemma generalizes |(X)T1I Lemma 4.5]. It is the linchpin in proving 
Theorem 13.81 which establishes the crucial connection between n-solvequivalence and homology. 

Lemma 3.5. Let W be a rational n-cylinder with M as one of it boundary components. Let V be an 
(n — \)-solvable (PTFA) group and TZ be a ring such that QT C TZ C. )Cr- Suppose (j) ■ 7''i(M) — > T is a 
nontrivial coefficient system that extends to : t:i{W) > T. Then 

TH2{W, M; 7^) ^ iJi(M; 7^) ^ Hi{W] TZ) 
is exact. (Here for an TZ-module A4, TA4 denotes the TZ-torsion submodule of A4.) 

Proof. We need to show that every element of Ker(i*) is in the image of an element of TH2{W, M; TZ). 
Let m = ^rkQ{H2{W;Q)/lQ) where Iq = Image{inc* : H2idW:,Q) i?2(VF;Q)}. By Proposition rrtl 
rkjcr H2{W; TZ) = 2m. Let {£i, £2, ■ • ■ , ^m} generate a rational n-Lagrangian for W and {di, ^2, ■ ■ ■ ,dm} 
be its rt-duals. Since F is (n — l)-solvable, tp descends to tp' : ni{W) /tti{W)^'^'' — > F. We denote by i'^ 
and d[ the images of £i and di in H2{W;TZ). By naturality of intersection forms, the intersection form 
A defined on H2{W; TZ) vanishes on the module generated by {£[,£'2, . ■ . Let TZ"^ © TZ"^ be the free 

module on {£[,d[}. The following composition 

TZ"' © TZ"' ^ H2{W; TZ) ^ H2{W; TZ)* ^ {TZ"' © TZ"')* 



is represented by a block matrix 



This matrix has an inverse which is 



/ 
/ X 



-X /^ 
/ 0, 

Thus the composition is an isomorphism. This implies that is a monomorphism and j* is a (split) 
epimorphism. Since j* is a split epimorphism between the free 7?.-modules of the same A^r-rank, and 
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TZ is an integral domain, j* is an isomorphism. Hence A is a surjection. Now consider the following 
diagram where the row is the exact sequence of the pair (W, M). 



H2{dW,M;TZ) 




Hi{M;TZ) — >- Hi{W;TZ) 



H2{w-n)* 



We claim that Ker(K o PD og^,) is 7?.-torsion. Ker(K) is 7?,-torsion since it is a split surjection between 
7^-modules of the same rank over ICy. PD is an isomorphism by Poincare duality. Ker(f;*) = Image(/*) 
and H2{dW, M;TZ) ~ H2{M';Tl) where M' is the disjoint union of the boundary components of W 
except for M. Since H2{M';TZ) is 7^-torsion by the flatness of /Cr over TZ and Corollarv l3.3l (once again 
we need to know that the restricted coefficient system is non-trivial), Ker((;*) is 7^-torsion. Combining 
these, one can deduce that Kcr(K o PDog^) is 7^-torsion. 

Suppose p G Ker(z*) C Hi(M;TZ). Then there exists x G H2{W, M;TZ) such that d{x) — p. Let 
y G A^^((k o PI} og^,)[x)). Then x — 7r*(?/) G Kcr(K o PDog^). Hence x — 7r*(?/) is 7?.-torsion and 
d{x — n^{y)) = d{x) = p. □ 



Under the same hypotheses as in Lemma li^.51 there exists a non-singular linking form B£ : Hi {M ; TZ) — 
Hi{M; TZ)* = UomniHiiM; TZ), JCr/TZ) by |COTll Theorem 2.13]. This definition, and a proof of non- 
singularity will be included in our proof of ProDOsitior l3.6l For an 7?.-submodule P of Hi{M\TZ), we 
define = {x & Hi{M;Ti) \ B£{x){y) = 0,Vy G P}, clearly an 7^-submodule. 



Proposition 3.6. Suppose the same hypotheses as in Lemma \cl.5l Suppose TZ is a PID. Then for 
P = Ker{i, : Hi{M;TZ) — > Hi{W]TZ)}, P CP^. Moreover, if M = dW , then P = P^ . 
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Proof. Consider the following commutative diagram, 

d 



TH2{W,M-n) 



TH2{W,dW;n) 

PD 

TH'\W;n) - 



Hi{W-n) 



PD 



H\M;n) 



Hi{W;TZ)* 



Hi{M;TZ) 



# 



Let /3rci '■ TH2{W, M;Tl) — > i/i(W^; 7?,)"^ be the composition of the maps on the left column and 
Bi : Hi{M;'R) — > Hi{M;n)* the composition of the maps on the right column. PD are induced 
by Poincare duality (hence isomorphisms), and k are the Kronecker evaluation maps. B^^ are the 
inverses of the Bockstein honiomorphisms. For the existence of we need to show that the Bockstein 
homomorphisms are isomorphisms. First, we consider the following exact sequence. 

H^{W\ ICr) -> H^{W; Kr/Tl) ^ H^{W; TZ) H^{W; ICr). 

Notice that iJi(VF;/Cr) = HomK;r(^i(W^; ^r), -'Cr) = by CorollaryE3| Since H^{W;ICr) is 7e-torsion 
free and H^{W;ICr/Tl) is 72.-torsion, one sees that B is an isomorphism onto TH^{W;TZ). Secondly, 
one can prove that H^{M;1Ct) = H^{M;JCr) = using Corollary Hence B : H^{M;ICr/n) — > 
H^{M;TVj is an isomorphism in the following long exact sequence. 

H\M;ICr) H\M:ICr/n) ^ H^{M;TZ) ^ ij2(Af ; /Cr). 

If a; e P, then x = d{y) for some y e TH2{W,M;TZ) by LemmaESl Thus B£{x) ^ {i* o Prc\){y)- 
For every p e P, B£{x)ip) = - Prci{y){i*{p)) = £rci(y)(0) = 0. Therefore x G P^, and 

P (ZP^. The proof for the case when M = dW follows from jCOTll Theorem 4.4]. □ 

Remark 3.7. If W has more than one boundary component, then in general P ^ P^ . For example, if 
= M X [0, 1], P = and P^ = Hi{M;n). 

Suppose r is a PTFA group with -ffi(r) = r/[r,r] = Z. Then its commutator subgroup, [r,r], is 
also PTFA and Z[r,r] embeds into its (skew) quotient field of fractions denoted by K. Then we have a 
PID K[t±i] such that ZF C K[t^^] C /Cr where t is identified with the generator of r/[r,F]. 

The following generalizes |CTI Theorem 6.4]. The proof is the same once equipped with Proposi- 
tion |^| 

Theorem 3.8. Let M he zero surgery on a knot K in . Let W be an n-cylinder with M as one 
of its boundary components. Suppose F is an {n — l)-solvable PTFA group with Hi(T) = Z. Suppose 
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(j) : ■Ki{W) — > r induces an isomorphism upon ahelianization. Let d = rkq Hi(Moc', Q) where Moo is the 
(universal) infinite cyclic cover of M . Then 

rkKlmage{i» : Hi{M;K[t^^]) — * K[t=^i])} > {d-2)/2 ij n > I 

and this rank is at least d/2 if n — 1. 

Proof. Let TZ = K[t^^]. By jCOTll Theorem 2.13], there exists a non-singular Blanchfield Unking 
form B£ : Hi{M-n) — > Hi{M;n)* = Hom^ {Hi (M; TZ) , ICr /TZ) . Let P = Ker{i, : i^l(M;7^) — > 
7^l(W;7^)}, Q = Image{i, : Hi{M;TZ) — > Hi{W;n)}, and A = ^^l(M;7^). By Proposition 
P C P"*" with respect to the Blanchfield linking form. This gives us a well-defined map / : P — > [A/P]'^ 
induced from the Blanchfield linking form. Since the Blanchfield linking form is non-singular, / is a 
monomorphism. Hence rk^P < rkK(.A/P)'^. 

We claim that ^k^M = rkK(7W)'^ for every finitely generated 7?.-module M.. (Here [M)"^ = 
Hom7j(A1, A^r/T?.)-) Since 7?. is a PID, it is enough to show this for the case when 7W is a cyclic 
7?.-module, i. e. , = TZ/p{t) where p{t) e TZ. For this cychc case, (7^/p(i))^ = TZ/p{t) where p{t) is 
obtained by taking involution of p{t). Since rkg TZ/p{t) is the degree of p{t) for every p{t) G TZ and p{t) 
and p{t) have the same degree, rkK7?./p(t) = rkK7?./p(i). Using this we can deduce that 

rkK P < rkK(^/P)# = rkK A/ P ^ik^A- rkx P 

Hence rkx P < ^ rks A. Since Q ^ A/ P as 7?.-modules, we have 

rkjK Q = rkK ^ - rkK P > rkK ^ - ^ rkK ^ = ^ rkK A. 

Thus we only need to show rkK ^>rf — 2if7i> 1 and rkK A = d ii n ^ 1 . 

If n = 1, F Z, K = Q, and 7e = Q[t^^]. In this case A is the rational Alexander module, which is 
Hi{Moo;Q)- Hence rkK A — d. Suppose n> 1. Observe that A is obtained from Hi{S^\K; TZ) by killing 
the 7^-submodule generated by the longitude, say £. By |21 Corollary 4.8], rkw^Hi{S^\K]TZ) > d — 1. 
Since — = in Hi{S^\K; TZ), the submodule generated by £ is isomorphic with K[i^^]/(i — 1) = K. 
Hence rkK A> d-2. □ 

4. Obstructions to ti-solvequivalence 

We use the information about twisted homology groups obtained in Section O to get obstructions to 
n-solvequivalence. Our obstructions will be vanishing of von Neumann p-invariants. The von Neumann 
p-invariants were firstly used by Cochran-Orr-Teichner to give obstructions to n-solvability (see Theorem 
4.2 and 4.6 in [COTlp . We begin by giving a very brief explanation about von Neumann p-invariants. For 
more details on von Neumann p-invariants, the readers are referred to Section 5 in |COTl| and Section 
2 in |UT| . Let M be a compact, oriented 3-manifold. If we have a representation : 7ri(M) — > F for 
a group F, then the von Neumann p-invariant or reduced L^"^") -signature p{M,(f)) (g M) is defined. If 
{M,cj)) — d{W,ip) for some compact, oriented 4-manifold W and a homomorphism ip : 7ri(PF) — > F, 
then we have p{M,(j)) = a'^^W^tp) — <7q{W) where CTp^^' (IF, -0) is the L^^^-signature of the intersection 
form defined on i?2(IF;ZF) twisted by -0 and <7o(IF) is the ordinary signature of W. If F is a PTFA 
group, then as we have seen before F embeds into the (skew) quotient field of fractions /Cr and Cp can be 
thought of as a homomorphism from L°(/Cr) to R. Some useful properties of von Neumann p-invariants 
due to COT are given below. One can find detailed proofs or explanations in |COTll Section 5] . 
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Proposition 4.1. Let M be as above and T a PTFA group. Suppose we have a homomorphism 4> ■ 
ni{M) — > r. 

(1) // {M,(l)) = dlWjip) for some compact, spin ^-manifold W and H2{W]1Ct) has a half-rank 
summand on which the (equivariant) intersection form vanishes, then p{M,(f>) = 0. In fact, 
a'^\w,iP) = aoiW)^0. 

(2) If (j) factors through (j)' : 7ri(A/) — > V where V is a subgroup ofT, then p{M,(l)') — p{M,(j)). 

(3) If (j) is trivial, then p{M,(l)) = 0. 

(4) If T — Z, and (j) extends over W nontrivially for some compact, spin ^-manifold W , then 
p{M,(j)) — J^^gi a-{h{uj))dLu — cto(VF) where h is the matrix representing the intersection form 
on H2{W;C[t,t-'^])/ (torsion). 

Now we are ready to give obstructions to n-solvequivalence. In fact, we give a more general theorem. 

Theorem 4.2. Let Mi (i = 1,2, . . . ,i) be closed, connected, oriented 3-manifolds with Hi{AIi;Q) = Q 
for all i. Let T be an n-solvable group. Suppose there exists a rational {n.5)- cylinder W with dW — 
IJi=i -^i (of arbitrary multiplicity) and we have representations <j)i : ■Ki{Mi) — > F. If (pi extends to the 
same homomorphism </> : ■Ki(W) — > T for all i, then 

f. 

Y,p{Ah,cj,{)^0. 

i=l 

The following is an easy corollary of Theorem 14. 21 hence the proof is omitted. 

Corollary 4.3. Suppose Kq is {n.5)-solvequivalent to Ki via W and T is an n-solvable group. Suppose 
we have representations (j)i : 7ri(Mj) — > T for i = 0, 1 where Mi is zero surgery on S^ along Ki, i = 0, 1. 
// extends to the same homomorphism (j) : 7ri(VF) — > F for i — 1,2, then 

p{Mo,M^p{Mi,(f>i). 

Proof of Theorem\^ Since W is spin, ao{W) = 0. Since Y!^=lPiM^,(|)^) = a'^\w,(t)) - ao{W), we 
need to show a'^\w,(l)) = 0. Let rkQ(iJ2(W^; Q)//q) = 2m where Iq = Image{inc, : H2{dW;Q) — > 
Il2{W; Q)}. Let L be a rational {n + 1)-Lagrangian for W generated by {n + l)-surfaces {ii,i2, • • • , ^m}- 
Since F is n-solvable, (f> factors through 7ri(W^)/7ri(VF)^"+^''. Thus if we let ICr denote the (skew) 
quotient field of fractions of QF, then we can take the image of L in Il2(W; /Cr), which is denoted by L' 
(generated by {^i, -^2, ■ • ■ , ^m})- By naturality of intersection form, the intersection form A' ; H2{W; ICr) x 
Il2{W; /Cr) /Cr vanishes on L'. By ProDOsition l3.4l rk;cr^2(W^; /Cr) = 2to. Therefore if we show that 
{£[,£'2, . . . ,i'jy^} is linearly independent in H2{W;ICr), then rk^Cr = m = ^rk/c^ H2{W;JCr), which 
implies that a^^\w,(f>) = by Proposition 14. If 1 ') . 

For convenience we let AI = Y[l=2 ^ = {^Ij ^2, • ■ • , ^m}- Since S generates a rational {n + 1)- 

Lagrangian and #(5) — m — rkQ(i?2(VF; Q)//q), the image of S in H2{W; Q)/Iq is linearly indepen- 
dent. By investigating the long exact sequences of homology groups of the pairs {W, dW) and {W, M), one 
easily sees that Iq = Imagejinc, : Il2{M; Q) — > i?2(W^; Q)}- It follows that Il2{W; Q)/Iq can be identi- 
fied with a Q-subspace of H2{W, M; Q). Hence the image of S in Il2(W, M; Q) is linearly independent. By 
the second part of Proposition rOI the image of S in Il2(W, M; QF) is linearly independent. Hence the im- 
age of S in H2{W, M; /Cr) is also hnearly independent. By Corollary E31 i?i(M ; ^r) = i?2(M ; ^r) = 0. 
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This implies that H2{W;ICr) = H2{W, M]lCv). Therefore is hnearly independent in 

H2{W-1Ct). □ 

5. Main Theorem 

In this section we prove the main theorem, that simultaneously generalizes the main theorems of fHT] 
and miE]- The strength of our theorem lies in being able to work within the class of knots that have 
the same fixed classical Seifert matrix (and Alexander module) and the same higher- order analogues of 
these. Therefore, after stating the theorem, we review the higher-order Alexander modules. Then we 
state and prove two theorems that are used at the end of the section to prove the main theorem. The 
first of these, Theorem l5.13l is an important technical result that significantly generalizes |CTI Theorem 
4.3]. Due to its difficult technical nature, the proof of our Theorem l5.13l is not completed until the next 
section. 

Theorem 5.1 (Main Theorem). Let n G N. Let K be a knot whose Alexander polynomial has degree 
greater than 2 (if n — \ then degree equal to 2 is allowed). Then there is an infinite family of knots 
{Ki\i e No} with Kq = K such that: 

(1) For each i, Ki ~ K is n-solvable. In particular, Ki is n-solvequivalent to K . Moreover, Ki and 
K cobound, in x [0, 1], a smoothly embedded symmetric Grope of height n + 2. 

(2) If i ^ j, Ki is not {n.b)-solv equivalent to Kj. In particular, Ki — Kj is not (n.5) -solvable, and 
Ki and Kj do not cobound, in x [0, 1], any embedded symmetric Grope of height (n + 2.5). 

(3) Each Ki has the same m-th integral higher-order Alexander module as K , for m = 0,1, . . . ,n — l. 
Indeed, ifGi andG denote the knot groups of Ki and K respectively, then there is an isomorphism 
Gi/ {GiY"^^^ G/G^"^"'^^ that preserves the peripheral structures. 

(4) Each Ki has the same m^^-oidei Seifert presentation as K , for m — 0,1, . . . ,n — 1. 

(5) For each i > j, Ki — Kj is of infinite order in ^(n)/^{n.5)- 

(6) If i,i > 0, s{Ki) — s{Kj) and T{Ki) — T{Kj), where s is Rasmussen's smooth concordance 
invariant and r is the smooth concordance invariant of P. Ozsvdth and Z. Szabo jRa| jOS| . 

Since there certainly exist knots whose Alexander polynomial has degree 4, from (5) above we recover 
the result of Cochran and Teichner. 

Corollary 5.2. [CT] For every positive integer n, J'(n)/^{n.5} has positive rank. 
Corollary 5.3. Let n be a positive integer. 

1. ^n+2°*'*/^n+2°5*'* elements of infinite order represented by knots K with s{K) = and t{K) = 
0. 

2. The kernel of the homomorphism ST : 0,^+2°*'' Z x Z given by ST{K) = {s{K),t{K)) is 
infinite. 

Proof of Corollarv \5.3l For fixed n, consider the knot K2 — Ki, that is K2#{—Ki). Note that, by part 
(6) above, t{K2 — Ki) = s{K2 — Ki) — 0. By part (1) above (applied first to Ki and K and then to K2 
and K), Ki and K2 cobound, in S'^ x [0, 1], a smoothly embedded symmetric Grope of height n + 2. It 
follows that ifi#(— ^^2) bounds a smoothly embedded symmetric Grope of height n + 2 m . This is 
seen by choosing an embedded arc from Ki to K2 in x [0, 1], contained in the first-stage surface of 
the Grope and avoiding the boundaries of the higher-stage surfaces. Deleting a tubular neighborhood of 



16 



TIM D. COCHRAN AND TAEHEE KIM + 



this arc, one gets the desired Grope in B^. But if some multiple of A'2#(— i^i) were the boundary of a 
smoothly (or even topologically) embedded symmetric Grope of height n + 2.5 in B'^, then by |COTll 
Theorem 8.11], it would be of finite order in J^{n)/^{n.5) contradicting part (5) above. This completes 
the proof of the first part of the corollary. 

For the second part of the corollary, just consider multiples of K2 — Ki. Alternatively, note that the 
analysis above applies equally well to any of the infinite set of knots {Ki — Ki, i > 1}. □ 

The higher-order Alexander modules of a knot were defined by the first author, and we give brief 
explanations here. For more details refer to [Uj. 

Definition 5.4. (p| Let n be a nonnegative integer. Let if be a knot and G = 7ri(S''^ \ K). The n-th 
(integral) higher-order Alexander module^ A^{K), of a knot K is the first (integral) homology group of 
the covering space oi S'^XK corresponding to G("+^\ considered as a right Z[G'/G^"+^^]-module, i. e. , 
G'("+i)/G(«+2) as a right module over Z[G/G'("+i)]. 

Using the local coefficient system n : G G/G^''+^\ one can see that A^iK) ^ Hi{S^\K; Z[G/G("+i)]) 
as right Z[G/G*^""'"^-']-modules. Notice that A^{K) is the classical Alexander module of K. Let r„ = 
Q/Qin+i) ^ denote the commutator subgroup of r„ (that is G^^^ /G("+i)). Note that when n = 0, 

= {e}. Let S be a Seifert surface for K, let Ek = S^\K and let Y = Ek - x (-1,1)). We 
denote the two inclusions E — *■ E x {±1} dY cYhyi+ and i_. Notice that the coefficient system tt, 
when restricted to 7i'i(E) or tti{Y), has image in F^. Thus S and Y have naturally induced ZF^-local 
coefficient systems and so we have the inclusion-induced maps (i±)» : i?i(E; ZF^) Hi(Y; ZF^). In the 
classical case n = these are just the usual maps (i±)* : -ffi(E; Z) Hi{Y; Z) that determine the Seifert 
matrix and Seifert form. For n > 0, no analogue of the Seifert form has been found, so these maps, 
though quite complicated, play a crucial role. In the absence of a true analogue of a higher-order Seifert 
form they contain the relevant (integral) information necessary to reconstruct the Alexander modules 
(but, as in the classical case, contain more information that the modules alone). Therefore we make the 
following definition. 

Definition 5.5. An n^^-order Seifert presentation of a knot K is the ordered pair ((i_|_),,, (i-)*) of maps 
(«±)* : i?i(E; ZFJ^) Hi{Y; ZF^) induced by the inclusion maps (i±) : E ^ F for some choice of Seifert 
surface E for if. 

Therefore, the case n = 1 of our main theorem precisely recovers that of and the second author 
12]. In general, since i?i(E; ZF^) and Hi{Y; ZFJJ may not be free modules (or even finitely-generated), 
we cannot speak of a Seifert matrix. However after some localization this situation can be remedied. 

Recall from jCOTl| |ri that there is a locafized version of A^{K). We set S'„ = ZF^, - {0}, n > 0. 
Then S'„ is a right divisor set of ZF„ and we let 72.„ = (ZF„)(S'„)^^. It also follows that ZF^ is itself an 
Ore domain and embeds into its classical (skew) quotient field of fractions, which we denote by IK„. By 
|COTll Proposition 3.2], TZn is canonically identified with the (skew) Laurent polynomial ring K„[i^], 
which is a FID. In the classical case, 6*0 = Z — {0}, Kq = Q and TZq is Q[t^^]. In general, Cochran 
defines the localized higher-order Alexander module jCj. 

Definition 5.6. The n-th localized Alexander module of a knot K is An{K) = Hi{S^\K;TZn)- 

Therefore the case n = gives the classical (rational) Alexander module. Moreover the n'^'-order 
Seifert presentation maps (i±)* : iii(E;ZFjj) iii(y;ZF'„) determine their localized counterparts 
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(i±)* : i/i(E;]K„) Hi{Y;Kn). The following proposition is due to Cochran and Harvey (for example 
see [21 Proposition 6.1]). 

Proposition 5.7. The following sequence is exact. 

i/i(E;K„) ®K„ K„[i±i] ^ i?i(r;K„) 0k„ ]K„[i±i] ^ AniK) ^ 
w/iere d{a ® 1) = (i+)*a (g) i — ® 1. 

Corollary 5.8. |0 Corollary 6.2] // the classical Alexander module of K is not 1, then An(K), n> 0, 
has a square presentation matrix of size r — max{Q, — each entry of which is a Laurent polynomial 
of degree at most 1. Specifically, we have the presentation 

(K„[f±i])'- ^ (K„[t±i])- ^ Aa{K) ^ 

where d arises from the above proposition. If n~Q, then the same holds with r replaced by 

Definition 5.9. The above presentation matrix is called an order n localized Seifert presentation matrix 
for K. 

Proposition 5.10. Theorem \ 5.1\ is false for n > 2 if the hypothesis on the degree of the Alexander 
polynomial is weakened to allow knots whose Alexander polynomials have degree 2. 

Proof. Let K denote the knot shown in Figure ^ well known as the "simplest" ribbon knot. 



Figure 1. 

We claim that the conclusions of Theorem 15. II for n > 2 are false for K because, loosely speaking, 
any knot with the same classical Alexander module and first higher-order Alexander module as K is 
topologically slice by recent work of Friedl and Teichner. Details follow. 

One easily checks from direct calculation that if A is one of the two obvious ribbon disks obtained by 
"cutting one of the bands" in the Figure, then G — tti (B^ — A) is isomorphic to Z[i] x Z and in particular 
is 1-solvable, that is G^^^ = 0. Let P denote iti{Mk) where Mk is the zero surgery on K. Then the 
inclusion map induces an epimorphism cj) : P G. Since G^^) = 0, this factors through P/P(3). 
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Suppose the conclusions of the main theorem were true for K = Kq and let Ki denote a knot other 
than K that satisfies the conclusions for some n > 2. By property (1) of Theorem 15.11 Ki is (0)- 
solvable and hence has Arf invariant zero (this also follows from property (4)). Let Pi denote tti{Mki) 
where is the zero surgery on Ki. As a consequence of property (3), there is an isomorphism 

/ : Pi/{PiY^^ P/P^^") (since the conjugacy classes of the longitudes correspond under the isomorphism 
given by (3)). Hence there is an epimorphism (j)i : Pi G factoring through / (essentially (fio f). Recall 
that for any coefficient system ip : Q ^ where Q is a group, we have the isomorphism 

ker?/; 



Hi{Q-ZG) - 



[ker ^/;, ker ^/i] 



and so in particular 



Hi{Pi-ZG) ^ 



ker ( 



and Hi{P;ZG) ^ 



ker ( 



[ker (^1, ker 01 ] ' [ker(/), ker0] 

Since G^^) 0, {PiY^'> C ker^i and so (Fi)^^) c [ker0i,ker<?!)i]. Similarly for P. It follows that 

i7i(Pi;ZG) - i7i(Pi/(Pi)(3);ZG) - i/i(P/(P)(3);ZG) - i7i(P;ZG) 

Since Ki and K are nontrivial, Mk^ and AIk are aspherical and so 

Hi{Mk,;ZG) ^ Hi{Pi;ZG) and Hi{Mk;ZG) ^ Hi{P;1G). 

In summary, Hi{Mk,;ZG) ^ Hi{Mk]'ZG) and thus it follows from (FTi Theorem 8.1] that Ki is a 
(topologically) slice knot, contradicting property (2) of Theorem 15. II □ 

We explain our method to construct desired examples. This technique is called genetic modification 
which results in a satellite of a knot. One can find a detailed explanation of genetic modification in 
|COT2| . We briefly review this construction. Let K he a. knot and {771, 772, . . . , ?7m} be an oriented trivial 
link in which misses K. Suppose { Ji, J2, ■ ■ ■ , Jm} is an m-tuple of auxiliary knots. For each rji, 
remove a tubular neighborhood of rji in and glue in a tubular neighborhood of Ji along their common 
boundary, which is a torus, in such a way that the longitude of 77^ is identified with the meridian of Ji 
and the meridian of 77^ with the longitude of Ji. The resulting knot is denoted by K{rii, Ji) and called 
the result of genetic modification performed on the seed knot K with the infection Ji along the axis rji. 
This construction can also be described in the following way. For each 77^, take an embedded disk in 
bounded by 77^ such that it meets with K transversally. Cut off K along the disk, grab the cut strands 
of if, tie them into the knot Ji with 0-framing as in Figure El 



II I I I I 

K K 



Jl 



TT 



J rr 



1 1 J 1 



I I I I 



\ Jm) 



Figure 2. K{rii, . . . , 77,„, Ji, . . . , Jm)- Genetic modification of K by Ji along 77^ 
Compare the following proposition with |COT2l Proposition 3.1]. 
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Proposition 5.11. Let K be a knot and M be zero surgery on K. Suppose n > 1. Suppose [r]i] £ 
7ri(A/)(") and Ji has vanishing Arf invariant for i = 1, 2, . . . , m. Then K is n-solvequivalent to K' = 

Proof. Since the Ji have vanishing Arf invariant, they are 0-solvable (see jCOTll Remark 1.3.2]). Let 
Wi be a 0-solution for J^. By doing surgery along 7ri(Wi)(^^ we may assume 7ri(Wi) = Z, generated by 
the meridian of Ji. 

Denote zero surgery on K' in by M'. We construct an n-cyhnder between M and M' . Take 
M X [0,1]. Note that dW^ = M, = {S^ \ N{J^)) Us^xs^ x where N{J,) denotes a tubular 
neighborhood of Ji in 5*^ and {*} x in S^ x denotes the surgery disk. Take the union of M x [0, 1] 
and Wi's in such a way that we identify a product neighborhood ofjyi x {1} in Mx {1}, with the 
copy of S^ X in dWi for each i. We denote the 4-manifold resulted from this construction by W. One 
easily sees that dW — Af ]J —M'. We claim that W is an n-cylinder. Using a Mayer- Vietoris sequence 
{M X [0,1] union Wi intersecting along r]i x D^), one easily sees that Hi{W) = Z and the inclusions 
from M to W and M' to W induce isomorphisms on the first homology. Also from the Mayer- Vietoris 
sequence one observes that H2{W) ^ H2{M) © (e^^iJalWi)) ^ H2{M') © {®'^^H2iW^)) . Note that 
the generator of H2{M) under the map H2{M) — > H2{W) maps to the image of the generator of 
H2{M') under the map H2{M') — > H2{W) since they are represented by capped-off Seifert surfaces. 
Thus H2{W)/i^,{H2{dW)) = ©™i^^2(Wi) where i, is the homoniorphism induced from the inclusion 
i : dW — > W. Recall that 7ri( Wi) (= Z) is generated by the meridian of Ji which is identified 
with the longitude of rji. Hence TTi{Wi) maps into TTiiwY"'^ since [rji] lies in 7ri(A/)^") by hypothesis 
and 7ri(A/)^") maps into tti{WY'^\ This implies that 0-surfaces in Wi are n-surfaces in W. Now by 
naturality of intersection forms, one can see that the union of the 0-Lagrangians (with 0-duals for Wi) 
{0 < i < m) constitutes an ri-Lagrangian (with n-duals) for W. One checks easily that W is spin since 
each Wi was spin. □ 

Suppose K, rji, Ji and K' are as in ProDOsition l5.11l Denote zero surgery on Ji in by Ali. Suppose 
W is the n-cylinder with dW — M ]J —M' constructed above. Suppose ip : tti{W) — > F is a map to an 
arbitrary n-solvable PTFA group T. Let (p, and (j)i denote the induced maps on tti{M), tti{M'), and 
TTi(Mi) respectively. For each Ji, we denote by pz{Ji) the p-invariant p{Mi,C.i) where Q : ■Ki{Mi) — > Z 
is the abelianization. The following lemma reveals the additivity of the p-invariant in our current setting. 

Lemma 5.12. 

p(A/, (f) - p{M', 0') = '^P^(J^) 

i=l 

where = or \ according as (\)(r]i) = e or not. 
Proof. It follows from |UOT2l Proposition 3.2] that 

m 

p(M,0)-p(M',0') = E'^(^^*'<^^) 

1=1 

Since 'Ki{Wi) = Z, factors through Z generated by rji. Thus its image is zero if '/>(77i) = e, and 
Z if not ( recall a PTFA group is torsion-free). In the former case, p{Mi,(j)i) = by property (3) of 
Proposition 14.11 In the latter case, p{Mi, (pi) = pz{Ji) by property (2) of Proposition 14.11 □ 
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The following two theorems are the key theorems that show the existence of a knot that is n- 
solvequivalent to a given knot K but not (n.5)-solvequivalent to K. The first significantly generalizes 
|CTI Theorem 4.3] in two ways. Firstly, their theorem applies only when if is a genus 2 fibered knot. 
Secondly their theorem only covers the case when oW = M. For a group G, let Gr be the k-th rational 
derived group of G (see Ha , Section 3]). 

Theorem 5.13. Let n G N. Let K be a knot for which the degree of the Alexander polynomial is greater 
than 2 (if n — 1, degree egual to 2 is allowed). Let M he the zero framed surgery on K in . Suppose 
E is a Seifert surface for K. Then there exists an oriented trivial link {771,772, • . • ,77m} m S*"^ — S that 
satisfies the following: 

(1) rji G 7ri(Af)*^"-' for all i. Moreover, the rji hound (smoothly embedded) symmetric capped gropes 
of height n, disjointly embedded in — K (except for the caps, which will hit K). 

(2) For every n-cylinder W with M as one of its boundary components, there exists some i such that 

^ where : ni{M) > tti(W) is induced from the inclusion j : M — > W . 

The number of such i 's is at least ^{d — 2) if n > I or at least ^d if n — 1 where d denotes the 
degree of the Alexander polynomial of K . 

Proof Let S = 7ri(M)(i). Suppose W is an ri-cylinder with M as one of its boundary components. The 
inclusion j : M — yW induces a map j : S — > 7ri(VF)(i). Let G = ni{WY^^ = T:iiW)i^\ The last 
equality holds since Hi{W) = Z. For convenience, let us use the same notation E for the capped-off 
Seifert surface. Let 3=5 rkjj Hi{M \ E; Q) (which is equal to the genus of E). Let F be the free group 
of rank 2g. Choose a map F — > tti{M \ E) that induces an isomorphism on Hi{F;Q). Let i be the 
composition F — > 7ri(M\E) C S. For a group G, let Gfc, for k G No, denote G/gI''\ By gal Corollary 
3.6] Gk is PTFA. By [COTl. Proposition 2.5] ZG/c embeds into the (skew) quotient field of fractions, 
which is denoted by K(Gfc)- By [SEl Proposition n.3.5] K(Gfc) is flat over Gk- Since 7ri(PF)/7ri(VF)(i) ^ 
Z, if we let = 'Ki{W) /7ri{W)i''^^\ there is a short exact sequence l^Gfe^Ffe^Z^l where tt 
is the abelianization. Then we have a PID K{Gk)[t^^] such that ZFfc C K(Gfe)[i=^^] C JC where K. is the 
(skew) quotient field of fractions of ZF^ (F^ is PTFA by ,Ha. Corollary 3.6], hence ZF^ embeds into the 
skew quotient field of fractions). 

Apply Theorem 16.41 to find a finite collection Vn-i of 2g — 1-tuples {2g if n = 1) of elements of 
Since = 7ri(M)("), the image of the union of the elements of Vn-i under i : F — > S 

is a finite set {ai, . . . , of elements of 7ri(M)("^ as required by the part (1) in the statement. 
By Proposition 16.31 the induced map j : S — > G is an algebraic 7i-solution, hence an algebraic 
{n — l)-solution (see Remark \l5.2i 3)). By our choice of Vn-i from Theorem 16.41 at least one tuple 
{wi,W2, ■ . . , W2g-i} £ Vn-i {{wi,W2, ■ ■ ■ , W2g} if n = 1) maps to a generating set of ^^1(5*; IK(G„-i)). 
Notice that Hi{S;K{Gn-i)) = Hi{M;K{Gn-i)[t^^]) and i?i(G; IK(G„_i)) = Hi{W;K{Gn-i)[t^^]) as 
K(G„_i)-modules. By Theorem El (with F = 7ri(VF)/7ri(PF)["\ [F, F] = Tri{WY^^ /T:i{W)i'^^ = G„_i), 
we see that at least ^(d—2) of {wi, W2g-i} (if tt- > 1) or at least ^d of {wi, W2g} (if n — 1) map non- 
trivially under F^""!) ^ S^"'^'' ^ Gf""^VG'["^ (~ -ffi(G;ZG„_i) modulo Z-torsion). Hence at least 
i((i — 2) (if Ti > 1) or at least (if n = 1) of the a, have the property that j*(ai) ^ Gf"-* = (7ri(VF))|, * * . 
Since each actually lies in 7ri(S''^ \ E)*^") we can represent the by simple closed curves in the com- 
plement of the chosen Seifert surface E for the knot K. We can alter these by crossing changes until the 
collection of ai forms a trivial link in . Moreover, by |CTI Lemma 3.8] and its proof, we may choose 



HIGHER-ORDER ALEXANDER INVARIANTS AND FILTRATIONS OF THE KNOT CONCORDANCE GROUP 21 



representatives in the same honiotopy classes that have the much stronger property that they bound 
(smoothly embedded) symmetric capped gropes of height n, disjointly embedded in ~ K except for 
the caps. This is the collection {rji] required. 

□ 

Let Cm denote the universal bound for all p-invariants of a fixed 3-manifold M given by |ChGI 
Theorem 4.10] and Ramachandran Jl, Theorem 3.1.1]. That is, |p(M, < cm for every representation 
: 7ri(M) — > r where F is a group. For a detailed discussion see |CT| . The final conclusion of the 
following theorem was proved in |CT| in the case that K is itself an n-solvable knot. 

Theorem 5.14. Let n £ N. Let K be a knot in . Suppose ?y2, • ■ ■ , '7m} is an oriented trivial 
link in that misses K and has properties (1 ) and (2 ) of Theorem \ 5.L'A Then, for every m-tuple 
{ Jl, J2, ■ ■ • , Jm} of Arf invariant zero knots for which pz{Ji) > 2cm, the knot K' = Kijji, Ji) (formed 
by genetic modification) is n-solvequivalent to K but not {n.b)-solv equivalent to K. Moreover K' — K is 
of infinite order in J-{n.a)/^{n.5)- (In particular, K'^{—K) is (n)- solvable.) 

Proof. By Proposition 15. ll| K' is n-solvequivalent to K. Let M be zero surgery on K in and M' 
zero surgery on K' in S^. Let Mi be zero surgery on in S*^, 1 < i < m. Let W be an n-cylinder with 
dW = M]J — M' constructed as in the proof of Proposition lS.llI Suppose M' is (n.5)-solvequivalent to 
M via V. We will show that this leads us to a contradiction. Let X = W Um' V . Thus dX — MW —M. 
We assume d+X — M and d-X — ~M. Since V is an (ri.5)-cylinder, it is an n-cylinder. As in 
Proposition one can show that X is an n-cylinder. Let F = TTi{X)/Tri{X)i"^^\ an n-solvable PTFA 
group. Let V' : — > F be the projection. Let 0+, and 0' denote the induced maps on Tri{d+X), 
TTi{d-X), and ni{M'), respectively. By Lemma [5. 121 we have 

m 

p{M, 0+) - p{M', cj)') = J2 ^^P^W 

i=l 

where = or 1 according as (j>+{rii) = e or not. On the other hand, since V is an (n.5)-cylinder. 
Theorem 14.21 applies to say that 

piM',cl>')-p{M, 0_) = O. 

Hence 

1=1 

Note that since X is an n-cylinder and the collection {r]i] was chosen to satisfy property (2) of Theo- 
rem there exists at least one i such that ipir^i) ^ e from which it follows that 4'+{r]i) ^ e. Thus 

p{M, (t>+) ~ p{M, 0_) > pz{ J^) > 2CM- 

which is a contradiction. Therefore K' is not (n.5)-solvequivalent to K. 

We will now show that K' — K ^ ^{n): that is, K'ff{—K) is n-solvable. Note that since K' was 
obtained from K by genetic modification along the rji, K'^{—K) can be obtained from K^{—K) by 
performing a genetic modification along the "same" axes rji. It is only necessary to observe that we can 
perform the connected sum in such a way as to preserve the fact that the r]i lie in the n*'*-derived group of 
TTi. This is clear because 5*^ — K' can be viewed as a subspace of 5*^ — {K^{—K)). Notice that Kfj^{—K) 
is a slice knot, hence n-solvable. By |COT2l Proposition 3.1], performing a genetic modification on an 
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n-solvable knot using Arf invariant zero knots Ji, along axes that lie in the n*''-derived group results in 
another n-solvable knot. Hence K'jl^{—K) is n-solvable. 

Suppose K' — K were of order fc > in J^{n.o)/ ^{n.b)- We will show that this yields a contradiction, 
implying that K'—K is of infinite order. Our assumption is equivalent to the fact that (#f!^i-?^')#(#j=i ~ 
K) is (n.5)-solvable. Let N denote the zero surgery on (#jL;^i4r')#(#*^^;^ - K). Let V be an (n.5)- 
solution for N and let W be as above. Let be the «-th copy of M' and Mj be the j-th copy of 
M, I < i,j < k. Take a standard (spin) cobordism C from {]Jt=i Ml) ]Ji]j']=i -M-j) to N which 
is obtained from ((UjLi IJ(lJj=i x [0,1] by adding {2k - 1) 1-handles and then {2k ~ 1) 

2-handles (see |COT2l Lemma 4.2] for more detail). Let X = (]J^^^^ Wi) m,' C Ujv where is 
the i-th copy of W. Then dX = (ULi lJ(lJj=i -A^j)- Let F = 7ri(X)/7ri(X)$."+^\ an n-solvable 
PTFA group. Let tp : Tri{X) — > F be the projection. Let (f>j, (f)[, (j)f , and <j) denote the restrictions of ip 
to 7ri(— Mj), •7ri(M-), 7ri(Mi) (the upper boundary of Wi), and 7ri(Af) respectively. One sees that C is 
an (n.5)-cylinder since H2{C)/i^{H2{dC)) = 0. Thus by Theorem Ol 

k k 

But since V is an (n.5)-solution for iV, /9(A^, 0) = by Theorem lO Therefore EJ=i '/'O = 
^j^]^ p{Mj, (f>j). By Lemma [5. 121 fapplied for each i and then summed), 

k k km 

i=l 1=1 1=1 (=1 

where en = if 4>l{'nii) — ^ ^-nd tu = 1 if (pf{riii) ^ e. (By r\ii we mean the /-th axis r]i for the i-th copy 
of if.) Thus 

A; h km 

E p{M,,<i>t) - E /'(^■^j' -^j) = E E ^^lp^iJl)■ 

i=l j = l 1=1 1=1 

Now we claim that X is an n-cylinder. Using a Mayer- Vietoris sequence and |(X)T2I Lemma 4.2], one 
can show that H2{X) /i^{H2{dX)) = (©fLi-ff2(Wi)) © H2{V) and the union of the 0-Lagrangians with 
0-duals for Wi {I < i < k) and the n-Lagrangian with n-duals for V constitutes an n-Lagrangian with 
n-duals for X. Since, for any i, X is an n-cylinder with Mi as one of its boundary components, by 
Theorem 15.131 for each i there exists some k such that '4'{i]Ui) ^ e. Hence 4>t(.Viii) e. Then the 
right-hand side of the last equation is greater than 2kcM, while the left-hand side is less than 2kcM, a 
contradiction. □ 

Finally we prove the main theorem. 

Proof of Theorem 15.11 (Main Theorem) . Let K he a knot for which the degree of the Alexander 
polynomial is greater than 2 (if n = 1, degree equal to 2 is allowed). Let M denote the zero surgery on 
K. Apply Theorem 15 .131 to choose an oriented trivial link {t^i, 772, ... , iim} in 5'^ that misses K (except 
for the caps, which will hit K), and such that the rji bound height n (smoothly embedded) symmetric 
capped gropes disjointly embedded in — K. Let cm be the universal bound for p-invariants for Al as 
mentioned above. Choose knots J' {i G N) with vanishing Arf invariants inductively as follows. First, 
choose such that pz{J^) > 2cm- Suppose J*^"^ has been constructed. Then choose J'^ such that 
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pi.{J^) > "^CM + 2mpz,{J''^^)- These J* are easily found by taking the connected sum of a suitably large 
even number of copies of the left-handed trefoil. (Note that for the left-handed trefoil J, pi{J) — 4/3 
by Proposition 14. If 4) . ^ However, to achieve the final conclusion of Part (1), we must choose each J* to 
be a suitably large connected sum of the knot shown in |CT[ Figure 1.7]. This knot has the same 
as the left-handed trefoil knot jCTI Lemma 4.4]. For each i, let Jj be the j-th copy of J% 1 < j < m. 
Now define Ki = K{r]i, . . . , 77,„, JJ, . . . , J^), the result of genetic modification performed on K with the 
infections Jj along the axes rjj {1 < j < m). Set Kq = K . 

Part (1) : It follows from the last sentence of Theorem 15 . 141 that Ki ~ K ^ J'{n): « > and hence that 
Ki is n-solvequivalent to K (or apply Proposition lS. 1 1|) . To show that Ki and K cobound, in x [0, 1], 
a (smoothly embedded) embedded symmetric Grope of height ri + 2, merely apply the proof of (UTI 
Theorem 3.7]. 

Part (2) : Suppose i > j > 0. Let Mi be the zero surgery on Ki in . Suppose Mi is (ri.5)-solvequivalent 
to Mj via U {dU = Mi ]J ~Mj). Suppose V be an n-cylinder with dV = M ]J —Mi and W an n-cylinder 
with dW — Mj W —M such that V and W are constructed as in the proof of Proposition 15.111 Let 
X = V Um, U Ua/j W. Then X is an n-cylinder with d+X = M and d-X = -M (see Proposition 
Let r = '!ri{X)/'Ki{X)r^^^\ an n-solvable PTFA group. Let V • T^ii^) — * T be the projection. 
Let (pi, (pj, and (p^ denote the restrictions of tp to TTi{d+X){= tti{M)), TTi{Mi), TTi{Mj), and 
TTi{d-X){= TTi{—M)) respectively. Since U is an (n.5)-cylinder, by Corollarv l4.3l p{Mi, (pi) = p{Mj, (pj). 
On the other hand, by Lemma [5. 121 

m 

p{M, (P+) ~ p{M,, (P,) = ^kPz{Jl) 

k=l 

where = if (p+{r/k) — e and = 1 if (j)+{rik) ^ e. Similarly, 

m 

p(M, (P.) - p(M„(P,) - ^MJl) 

k=l 

where ej. = if (p-{r]k) — e and ej, = 1 if (p-{rik) ^ e. Thus we have 

m m 

p{M, (P+) - p{M, (P-) = J2 ^kPziJl) - Y 4pz(J^). 

k=l k=l 

Since Jl is merely a copy of , pz{Jl) — Pz{J-'), and similarly pziJl) — Pz('^*)- Moreover, by Theo- 
rem applied to M = d+X, there is some k such that (p+{r]k) = tpivk) 7^ e. Thus the right hand side 
above is greater than pi{J^) — mpz{J^), which, by our choice of and is greater than 2cm- This is 
a contradiction since the left-hand side above has absolute value less than 2cj\/. To show that Ki and 
Kj do not cobound, in x [0, 1], an embedded symmetric Grope of height (n -|- 2.5), merely note that 
the proof of |GOTll Theorem 8.11] clearly applies to show that if they did bound such a Grope then 
they would be (n.5)-solvequivalent. 
Part (3) : This follows from P Theorem 8.1]. 

Part (4) : We shall employ the terminology set out just above Proposition 15. 71 Let K^ denote one of 
the Ki and let G^, denote its knot group. Let G denote the knot group of K. By part (3), these two knots 
share the same higher-order (integral) Alexander modules up to order n — 1 and G/G'-*+^-' is isomorphic 
to G,/(G*)(*"'""'^^ for all i < n. Therefore in considering the i*'' higher-order Alexander modules of these 
knots, we may consider that they are modules over the same ring, ZTi = Z[G/G'-'"'"^-'], as long as i < n. 
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We shall show that there exist Seifcrt surfaces for if* and S for K with respect to which the i order 
Seifert presentations, i± : Hl{J:■,Z^'^} Hi{Y;ZT[) and i± : iii(S,;Zr'J i?i(i;;Zr9 are identical 
up to isomorphisms identifying the domain and range of each, as long as i < n ~ \. (Recall that T[ is 
the commutator subgroup of r^.) A Seifert presentation determines the map d in Proposition 15 . 71 and 
hence there are bases with respect to which the localized i*'^-order Seifert matrices for K^, and K are 
identical. We may assume that n>l. 

Let E{K) denote the exterior of K in . The continuous map / : E{K^,) E{K) that induces all of 
these isomorphisms is described as follows (see [O Theorem 8.1]). Recall that E{K^,) is constructed from 
E{K) by replacing a collection of solid tori rjj x by a collection of knot exteriors E{Jj). Since it is well 
known that there is always a degree one map, fj, relative boundary from E(Jj) to E(unknot) = rjj x , 
there is a degree one map relative boundary, /, from E{K^) to E{K). Recall also that rjj G 7r(M)(") by 
choice. But in fact, the rjj actually produced by Theorem l6.4l lie in F^""^) where F 7ri(A/ — S*) where 
E* is a capped-off Seifert surface. Hence, the circles rjj can be chosen to miss the given Seifert surface S 
and actually represent elements of 7ri(F)("~^^ C G^"-'. Therefore we can use the 'same' Seifert surface 
for K^: as for K . For simplicity for the rest of this proof we shall assume that there is just one circle, rj. 
The proof is no different for a collection. Note that / is the 'identity' on a neighborhood of S* (mapping 
to Yj) and restricts to a degree one map relative boundary / : ^ F. We need only show that this 
map carries Hi{Y^]'LT[) isomorphically to Hi{Y]'LT^). Briefly, this is true because ry £ G^"^ and thus 
goes to zero in if i < n — 1. It follows that the entire group 7ri(i?(J)), where J is the infection knot, 
maps to zero in F^. Thus in a Mayer- Vietoris analysis, Hi{E{J)-,'LT[) really has untwisted coefficients 
and thus is not distinguishable from the case that J is a trivial knot. But if J were trivial then = K 
and — Y. For more details, the proof is the same as the proof of |0 Theorem 8.2] where it is shown 
that each of i?i(F*; ZF^) and Hi{Y; ZTi) is isomorphic to the quotient of Hi{Y \ (77 x D^);ZTi) by the 
submodule generated by the meridian of 77. 

Part (5) : For j = this follows directly from Theorem l5.14l For general j the proof is essentially the 
same as the proof of part (2). We outline the proof. Here i and j are fixed. 

Let Mi, Mj, and M denote the zero surgeries on Ki, Kj, and K as usual. Suppose Ki — Kj were of 
order fc > 0, that is to say (#f^i^i^i)#(#f=i - Kj) is (n.5)-solvable. Then by Proposition l2.7l M^k, is 
(n.5)-solvequivalent to M^Xj via some U as in the proof of part (2). Refer to the schematic Figure |3I 
below. 

Now let C be the standard cobordism between M^Ki and the disjoint union of k copies of Mi, which we 
denote by Ml for 1 <l <k, and let D be the standard cobordism between —M^Kj and the disjoint union 
of k copies of —Mj, which we denote by — Mj for 1 <l <k. Let denote the l*^ copy of the standard 
n-cylinder between Mi and M , constructed in the proof of Proposition 15. Ill so that dV^ — Af ]J — M/ 
where we use M'" to denote the copy of M that occurs in the boundary of . Similarly let denote 
the V'^ copy of the standard n-cylinder between —Mj and — M so that dW^ — M'™ ]J — Afj where we 
use M'™ to denote the copy of M that occurs in the boundary of W'. Following the proof of Part (2), 
let 

k k 

X = ([] F') U G Um*,. U Um*^^. DiJ{]\w'). 
1=1 1=1 

Recall that we saw in the proof of Theorem l5. 13l that G and D are (n.5)-cylinders since H2{C) / i^:{H2{dC)) — 
and H2{D)/i^{H2{dD)) = 0. It follows that X is an n-cyhnder with d+X = Uf=i and d-X = 
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ULi-A^'™ (see also Proposition EEJ . Let T = 7ri(X)/7ri(X)^"+^\ an n-solvable PTFA group. Let 
ip ■ T^iiX) — > r be the projection. Let and 0'™ denote the restrictions of ip to 7ri(M'"), and 
7ri(M'"') respectively. Since U is an (n.5)-cylinder and otherwise H2{X) comes from the V' and the W'', 
we arrive at an expression similar to that of the proof of Part (2), except summed from Z = 1 to fc: 



1=1 



1=1 s=l 



s=l 



e (where r]si means the s-th axis rjs for K for constructing the Z-th copy of 
7^ e, and where e^; = if (f)^"" {r}'gi) = e (where -q'^i means the s-th axis r]s for 



where e^i = if (f)'"' {iisi) = 
Ki) and esi = 1 if (/)'■'' {r] si) 

K for constructing the Z-th copy of Kj) and e(,; = 1 if (f)'"^' {"q'^i) ^ e. By property (2) of Theorem 15.1 
applied, for each I, to Af'", there is some s such that 4)^^{rjsi) — V'('7si) 7^ e. Thus, for each Z, the l*-^ term 
of the summation on the right hand side above is greater than pz{ J^) — mpz{ J-'), which, by our choice 
of J* and J-' is greater than 2cm- Thus the right hand side is greater than 2kcM- This is a contradiction 
since the left-hand side above has absolute value less than 2kcM, since M'" = M'™ = M. 
Part (6) : Let g be the genus of K. Note that in the construction of Ki we could have chosen any Seifert 
surface for K, in particular one of genus g. Recall that the circles rji are chosen in the complement of 
this Seifert surface. Hence, by construction, genus{Ki) < g. It follows that gs{K) < g, where gs denotes 
the smooth slice genus, and thus that | s{Ki) \< 2g and | T{Ki) |< 5 by |R,a| and |OSj respectively. 
Consider the function ST from {Ki} to Z x Z given by ST{Ki) ~ {s{Ki),T{Ki)). Since the image of 
this function is a finite set, there is a subsequence Ki^ on which ST is constant. Redefining our Ki to 
be this subsequence gives the claimed result. □ 
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6. Algebraic ?i-solution 

The purpose of this section is to complete the proof of Theorem 15.131 which rehes on Theorem 16.41 
In this section we define and investigate an algebraic n-solution. One might think of this as an algebraic 
abstraction of an n-cylinder (or an n-solution). In |CT| . Cochran and Teichner defined an algebraic 
n-solution. Our notion is much more general. In particular, an algebraic n-solution in jCT| is defined 
using only the free group of rank 4, but our version is defined using the free group of (arbitrary) even 
rank. Moreover, the proof of |UT| that a (geometric) n-solution induces an algebraic n-solution is valid 
only for fibered knots of genus 2. For a group G, let Gk denote G/Gr''^ where Gr'^'' is the k-th rational 
derived group of G. Then, as noted before, Gk is a (A: — l)-solvable PTFA group and embeds into its 
skew quotient field of fractions which is denoted by IK(Ga;). 

Definition 6.1. Let S be a group such that Hi{S; Q) / 0. Suppose F 5 is a fixed homomorphism 
from the free group of rank 2g. A nontrivial homomorphism r : S" — > G is called an algebraic n-solution 
(n > 0) (for F ^ S") if the following hold : 

(1) For each < A; < n — 1 the image of the following composition, after tensoring with the quotient 
field K(Gfe) of ZGk, is nontrivial: 

Hi{S;ZGk) ^ Hi{G;ZGk) = GI''^ /[GI^IgI''^] -« gI!"^ / Gil'+^l 

(2) For each < A; < n, the map Hi[F;'LGk) — ^ Hi{S:ZGk), after tensoring with the quotient 
field K(Gfc), is surjective. 

Remark 6.2. (1) If n > 0, then, by combining conditions (1) and (2) for fc = 0, we conclude that 
Hi{F;Q) — > Hi{G;Q) is non-trivial. Thus, for some i, r*(xi) is non-trivial in Gi — G/g'^t^ 
where {xi, X2, ■ ■ ■ , Xm} is a generating set for F . 

(2) In all the applications the image of the map in (1) above has rank at least one half the rank of 

Hi{s-mk). 

(3) If r : 5 — > G is an algebraic n-solution then, for any A; < n it is an algebraic A:-solution. 

Of course we need to establish that the primary geometric examples do in fact satisfy the algebraic 
conditions above. 

Proposition 6.3. Suppose K is a knot for which the degree of the classical Alexander polynomial is 
greater than 2 (if n = 1 then degree equal to 2 is allowed). Suppose AI is the zero surgery on K in , 
T, is a capped- off Seifert surface (of genus g)forK, and S = tti{MY^\ Suppose F ^ tti{M -E) IS any 
map inducing an isomorphism on Hi (F; Q) . Let i be the composition F tti {M — E) ^ S". Suppose W 
is an n-cylinder one of whose boundary components is M . Let G = Tri{W)^^'' Then the map j : S — > G 
(induced by inclusion) is an algebraic n-solution for i : F S . 

Proof. First we will establish property (1) of Definition 16.11 Since property (1) is vacuous if n = 0, we 
assume n > 1. Fix an arbitrary integer k, < k < n. We need to consider the map iJi(5;ZGfc) 
Hi{G;ZGk) induced by the inclusion map from M into W. Let Moo be the infinite cyclic cover of 
M and Woo be the infinite cyclic cover of W. First note that since 7ri(Moo) = S and tti(Woo) — G, 

the map j„ is identical to Hi{Moo]ZGk) Hi{Woo;^Gk). Now let F = TTi{W)/ni{W)i''^^^ so F is 
PTFA. So we have the inclusion induced map of ZF-modules : i?i(M;ZF) — > Hi{W;Zr). But Gk 
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is equal to the commutator subgroup of F since Hi{W) = Z implying that rf^-* = F^^^ — G/Cf^ = Gk- 
Therefore this map can be also viewed as a map of ZG/c-modules. We claim that, as a map of ZGfc 
modules, this is identical to our original map : Hi{Moc;ZGk) — > Hi(Woo]1'Gk)- This is because 
i?i(M;Zr) is merely the first homology group of the total space of the F-covering space of M viewed 
as a ZF-module and this total space is the same as the total space of the F^^^-covering space of Moo- 
Thus, as ZF(i)-modules, Hi{M;ZT) is the same as i/i(Afoo;ZF(i'). Hence we are reduced to studying 
: i/i(M;ZF) — > Hi{W;'ET) as a map of ZGfe-modules and we need to show that it is non-trivial, 
even after tensoring with K(Gfc), i.e. after localizing with respect to the set R = ZF^^^ — {0}. Since 
ZF is an Ore Domain, i?^^ZF is a flat ZF-niodule and so we just need to show that the map : 
Hi{M; R^^ZT) — > Hi(W; R^^ZT) is nontrivial as a map of K(Gfc) modules. For the remainder of 
this proof, let K be the quotient field of ZF*^^) = ZGfc, which is what we have called K(Gfc). Finally, 
note that, since i?i(F) = Z, ZF can be identified with the twisted Laurent polynomial ring ZF'^-'^^ 
and, similarly, the localized ring _R^^ZF can be identified with K[t^^]. In summary, we are reduced to 
studying : Hi{M; K[t^^]) — > Hi{W; K[t^^]) as a map of K-modules, and we seek to show that it is 
non-trivial. 

We now claim that Theorem El applies to the map : Hi{M;K[t^'^]) — > Hi{W;K[t^'^]). Observe 
that F" = since F'^+i = {e} and, since k + 1 <n, F" = {e}. Thus F is an {n - l)-solvable PTFA group 
as required. We conclude that the K-rank of : Hi{M;K[t^^]) — > Hi(W;K[t^'^]) is at least (d- 2)/2 
if n > 1 and is precisely d/2 if n = 1, where d = rkQHi{Moo;'Q)- It is well known that d is equal to 
the degree of the classical Alexander polynomial of K which is, by hypothesis, at least 4 (or, if n = 1 
at least 2). Hence in all cases the above rank is positive and therefore we have shown that our original 
map , Hi{S;'ZGk) i?i(G;ZGfc), is non-trivial even after tensoring with K(Gfc). 

Since the kernel of G['^''/[Gr'^'', Gr*^^] — > Gi'^^ / Gi'^'^^'^ is Z-torsion, this map is an isomorphism after 
tensoring with K{Gk) (which contains Q). Combining this with our previous conclusion, we see that j 
satisfies property (1) of the definition of an algebraic n-solution. 

Now we establish property (2) of an algebraic n-solution. We consider an arbitrary k with < A; < n. 
By flatness, what we need to establish is the surjectivity of i, : Hi{F;K) — > Hi{S;K) (recall we are 
sometimes abbreviating K(Gfc) by K). Let Y = M — Y, and be a wedge of 2g circles. By choice of 
/ there is a continuous map W ^ Y inducing F t^i{Y) that is 1-connected on rational homology. 
It follows from |COTll Proposition 2.10] that this map induces a 1-connected map on homology with 
K(Gfc) coefficients for any PTFA group Gk- Hence it is surjective. Since the map i» factors through 
Hi{Y;K), it suffices to prove that the map Hi(Y;K) Hi{S;K) Hi{M^;K) is surjective. If S 
were finitely generated, this would follow as above from jCOTll Proposition 2.10]. In other words, 
for finitely generated groups S property (2) follows from just knowing property (2) for the base case 
fc = 0. Unfortunately this Proposition fails for general non-finitely generated groups and, for us, S will 
not be finitely generated unless K is fibered. Also note that the rank of Hi{Moo;TK.) may well increase 
as the integer k increases. Thus, to have a hope of establishing property (2), the rank of Hi{Y;K) 
(which, since Y has the homotopy type of a finite 2-complex, is bounded above, independently of fc, 
by 2g jCOTll Prop. 2. 10 and 2.11]) must be a universal upper bound for the ranks of iJi(Afoo;IK) for 
any k and any coefficient system. Fortunately, the technology to establish this "universal" upper bound 
essentially already exists due to work of Shelly Harvey. We indicate how her work indeed establishes 
the result we need. For intuition, first consider the case fc = where Gk = and K = Q. Then the 
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result we claim is that any finite generating set for the vector space Hi{Y:Q) generates the Alexander 
module of K (or M) as a rational vector space (a well-known result in classical knot theory). We 
proceed with the proof of the general case. We observed above that, as ZC?fc-modules, 7?i(M;Zr) is 
the same as Hi{Moo;I'Gk) Thus, as K-modules, Hi{M;K[t^^]) is Hi{M^;K) (see also the discussion 
above Definition 15. t)|) . In jHal Proposition 7.4] (see also |21 section 6]), Harvey shows that Hi{M; K[t^^]) 
has a square presentation matrix (as a IK[i^^]-module) whose entries are polynomials of degree at most 
1, with respect to generators that are the images under inclusion of an arbitrary generating set for 
Hi{Y; K[t^^]). The latter is a free module isomorphic to Hi{Y; K) ®k K[t^^] (see the discussion in [Hal 
section 7]). Choose a generating set {ei, ...,em} for Hi{Y;K) as a K-vector space. Then use the set 
{ci (g) 1} as a K[t^^] generating set for the module Hi{Y;K[t^^). Harvey's presentation result shows 
that these elements generate iJi(M; K[t^^]) as a K[t^-^]-module. We claim that a closer analysis of some 
other work of Harvey shows the stronger fact that these actually generate as a K-module! This will 
finish the verification that the map Hi{Y; K) iJi(A/oo; K) is surjective and thus finish the verification 
of property (2). In [Hal Proposition 9.1], Harvey shows that any such matrix as above (whose entries 
are polynomials of degree at most 1) presents a module of rank m over K. It is only necessary to 
examine her proof carefully to see that this stronger statement is true: The given set of m generators is 
a K-generating set for the module. Harvey's proof involves changing the presentation matrix by certain 
allowable matrix operations and finally arriving at a simple matrix which she explicitly shows satisfies 
this stronger statement. Therefore it is only necessary to check that all the matrix operations she uses 
do in fact preserve the veracity of this statement. For example, clearly {xi, Xm} is a K-generating set 
for the (right) module if and only if {xi — {x2)k,X2---,Xm} is also, where k is any non-zero element of 
K. This translates into the fact that adding a non-zero left K-multiple of a row of Harvey's matrix to 
another row is an allowable operation for our purposes. The key point is to not allow a ]K[t='=^]-multiple. 
In fact the only matrix operation from Harvey's list that could lead to problems is : add to any row a 
left IK[<='=^]-linear combination of the other rows (because this corresponds to a change of generators). 
One only needs to notice that, in fact, in her proof she never uses the full generality of this operation. 
She only adds to any row a left multiple of another row by a non-zero element of IK (not K[t±i]). This 
completes the proof. □ 

The following theorem greatly generalizes jCTI Theorem 6.3] because our definition of an algebraic 
n-solution is much more general. Our proof follows the proof of |CTI Theorem 6.3] closely. In doing so 
we had to make decisions about what to include and what to reference. Because the result is already 
(logically) extremely demanding on the reader, for the reader's convenience, we have erred on the side 
of duplicating material and have included a complete proof. In addition, our proof is simpler in certain 
places. 

Theorem 6.4. Suppose we are given F ^ S as in Definition For each n > there is a finite 
collection Vn of sets consisting of 2g — 1, if n> {), or 2g, if n ~{), elements of F^^^ (we refer to such 
a set as a tuple even though it is unordered), with the following property: For any algebraic n-solution r 
for F S, at least one such tuple (which will be called a special tuple for r) maps to a generating 
set under the composition: 

pin) _^ g{n)/g(n+l) ^ Hi{S;ZSn) ^ Hi{S;ZGn) ^ Hi{S;ZGn) ®ZG„ IK(G„) 

where ]K(G'„) is the skew quotient field of fractions ofZGn- 
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Proof. We remark that to be used for the proof of the main theorem, it is very important to define the 
cohections Vn so as to depend only on the knot K . In particular, they must not depend on the existence 
of any particular n-cylinder. 

Let {xi, X2g} be a generating set of the free group F. Set Vq = {{xi, ...,X2g}}, the collection 
consisting of a single 2g-tuple. Set Vi = {{[xi,xi], ... , [x^^x^-i], [xi,Xi+i], . . . , [xi,X2g]} | 1 < « < 2g}, 
the collection consisting of {2g — 1) • {2g) number of {2g — l)-tuples. Supposing Pk [k > 1) has been 
defined, define Vk+i recursively as follows. For each {wi, ...,W2g^i} G Vk include the 2g — 1-tuple 
{zi, ...,Z2g-i} in Vk+i if = [wi.w'^'] {1 < i < 2g - 1,1 < j < 2g, and i ^ j) or if Zi = [w^,Wk] for 
some 1 < i, k < 2g — 1 and i ^ k. Here w^^ = xJ-^WiXj. Clearly Zi e i^C^+i). 

Now we fix n and show Vn satisfies the conditions of the theorem. Fix an algebraic n-solution 
r : S — > G. We must show that there exists a special tuple in Vn corresponding to r. This is trivially 
true for n — using property (2) of the definition of an algebraic n-solution, so we assume n > 1. Now 
we need some preliminary definitions. 

Recall that F is the free group on {xi, . . . ,X2g}. Its classifying space has a standard cell structure 
as a wedge of 2g circles W. Our convention is to consider its universal cover as a right F-space as 
follows. Choose a preimage of the 0-cell as basepoint denoted *. For each element w & F = 7ri(VF), lift 
to a path {w~^) beginning at *. There is a unique deck translation $(it;) of W which sends * to the 
endpoint of this lift. Then w acts on W by ^{w). This is the conjugate action of the usual left action 
as in |Maj . Taking the induced cell structure on W and tensoring with an arbitrary left Z_F- module A 
gives an exact sequence 

(1) 0^iJi(F;A) -^A^f ^A^ffo(i^;^) — > 0. 

Specifically consider A — ZG where ZF acts by left multiplication via a homomorphism (p ■ F — > G. 
From the interpretation of Hi{F; ZG) as Hi of a G-cover of W, one sees that an element g of Ker((/)) can 
be considered as an element of iJi(F;ZG). We claim that the composition Ker((/)) — > Hi{F]'LG) — ^ 
(ZG)^f can be calculated using the "free differential calculus" d — {di, . . . ,d2g) where di : F — > ZF. 
Specifically we assert that the diagram below commutes 

F (ZF)29 

<P 

Keiicf,) Hi{F;ZG) {IGf^ 

where di{xj) = 5ij, di{e) — and di{gh) — dig + {dih)g^^ for each 1 < i < 2g. Note that the usual 
formula for the standard left action is di{gh) = di{g) +gdi{h). Our formula is obtained by setting di = di 
where ~ is the involution on the group ring. This is justified in more detail in [011 Section 6]. 

Henceforth we abbreviate maps of the form (r, r) : (ZF„)^^ — > [ZGnY^ r. Note that r o tt^. : 
F ^ Fk ^ Gk is the same as iTk o r : F ^ S G Gk- 

Lemma 6.5. Given an algebraic n-solution r : S — > G for F S , for each k, 1 < k < n there is an 
ordering of the basis elements {xi, ...,X2g} of F such that there exists at least one tuple {wi, W2(;-i}£ 
Vk with the following good property: The set of 2g-l vectors (obtained as i varies from 1 to 2g — 1) 
{riTkdiWi, rnkd2g-iWi) (i.e. the vectors consisting of the first 2g — 1 coordinates of the images of the 
Wi under the composition F^^^ {ZFkY'^ — [ZGkY'^) '■^ fight linearly independent overZGk. 
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Proof that Lemma \f).5l Theorem \6.4\ The set Vn has been defined. Recall that we are assuming that 
n > 1. Given an algebraic n-solution the Lemma provides a tuple {wi, W2g-i}G Vn which has the 
good property. We verify that any good tuple {wi, W2g-i} for r is a special tuple for r. Consider 
the diagram below. Recall G„ = G/Ci^'K 

pin) . Hi{F;ZFn) {ZFr^fa 

jr. ^ \r 

Hi{S;ZGn) 

The horizontal composition on top is 7r„ o d. The right-top square commutes by naturality of the 
sequence (1) above. The rank of Hi{F;ZGn) over K(G„) is 2g — 1 by C, Lemma 3.9]. Since d' is a 
monomorphism, and is an epimorphism after tensoring with ]K(G„), to show {wi, W2g-i} is special, 
it suffices to show that the set {rnnd{wi), r7r„9(w2g-i)} is ZG„-hnearly independent in (ZG„)^^. This 
follows immediately from the good property of the tuple {wi, ...,W2g-i}- This completes the verification 
that the Lemma implies the Theorem. □ 

Proof of Lemma \6.5l The integer n is fixed throughout. Let r : S* G be a fixed algebraic n-solution. 
Recall that, by Remark |6.2f 1). for any ordering of the basis elements of F, there is some i such that 
r^,{xi) is non-trivial in Gi = G/gI^\ Thus by reordering we may assume that r-^,{x2g) is non-trivial in 
Hi{G; Q) = Gi ® Q. Since Gi = G/Ci^'' is torsion-free, this means that r7ri(a;2g) is non-trivial in Gi. 

We will prove the Lemma by induction on k. We begin with k — 1. Consider the 2g — 1-tuple 
{zi, Z2g-i}= {[x2g,xi], ...,[x2g,X2g-i]} £ Vi ■ Wc clalm that it has the good property. Using d as 
shorthand for dj, one computes that d{[g, h]) = dg + {dh)g^^ — {dg)gh~^g^^ — {dh)hgh~^ g"^ Using this 
we compute that, for any j, 1 < j < 2g — 1, djZi is X2g — [xi, X2g] ii j — i and is otherwise zero. Thus, 
only the i*'' coordinate of {riVkdiZi, ...,rnkd2g-iZi) is (possibly) non-zero. Therefore the square matrix 
whose columns are these vectors is a diagonal matrix and to establish the good property, it suffices to 
show that rni{x2g — [xi,X2g]) ^ since this certainly implies that rTTk{x2g — [2^4,2:29]) 7^ 0. This follows 
since r7ri([xi, 2:23]) = e and rTri{x2g) is non-trivial by assumption. Therefore the base of the induction 
(fc = 1) is established. 

Now suppose the conclusions of the Lemma have been established for 1, . . . , /c where k < n. We 
establish them for k + 1. Note that r : S' — > G is also an algebraic fc-solution for i : F — >• 5*. By induction 
the Lemma holds for fc < n, so there is a tuple {wi, W2g-i}G Vk that has the good property. First, we 
claim that there is at least one of the Wi (which by relabelling we will assume is wi ) such that rnk+i {wi ) ^ 
e in Gk+i- For, by the proof of Lemma l6.5l =>- Theorem l6.4l we know that {wi, W2g-i}£ "Pk is special 
for r. Thus under the composition F^'^) — > Hi{S;ZSk) ^ Hi{S]1Gk) — ZGfc) ® K(Gfc) the 
set {vji} maps to a generating set. Combined with the fact that r is also an algebraic n-solution, we see 
that the composition of the above with the map 

iJi(5;ZGfc) ®K(Gfc) ^ i?i(G;ZGfc) ® K(Gfc) ^ G^^^ /G^^+^'^ ®K{Gk) 
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is nontrivial when restricted to {wi}. On the other hand the combined map 

clearly given by Wi t-^ rTrk+i{wi) so it is not possible that all of the elements rirk+iiwi) lie in gI'^^^K 
Hence we may assume that r7rfe_|_i(u;i) 7^ e in Gk+i- 

Consider the tuple {zi, Z2g-i} G 'Pk+i, where Zi = [wijW^^"] if rTTk+i{wi) ^ e in Gk+i, and 
Zi = [wi,wi] if rwk+iiwi) = e in Gk+i- We will show that this tuple has the good property, finishing 
the inductive proof of Lemma 16.51 

For the remainder of this proof we write x for X2g, suppressing the subscript. We need to show that 
the set of 2(7 — 1 vectors (obtained as i varies from 1 to 2(7 — 1) {riTk+idiZi, ...,rTTk+id2g-iZi) is ZGk+i- 
linearly independent. For this purpose we compute, for each i, djZi. This computation falls into two 
cases. 

Case 1: rnk+iiwi) ^ e. 

Let d be shorthand for dj for I < j < 2g — 1. One has dx = 0, d{g^^) = {dg)g, and dg^ = {dg)x. 
Using these one computes that d{[wi,w^]) = {dwi)pi where pi is independent of j and is equal to 
1 + xw~^ — {w^)~^[w^ ,Wi\ — x[w^,Wi\. Thus for any value of i that falls under Case 1, the vector 
(diZi, ■■■d2g-iZi) is a right multiple of the vector {diWi, ...d2g-iWi) by the element pi. Hence the vector 
in question, {rirk+idiz-i, ...,r'iTk+id2g-iZi) is a right multiple of the vector (rnk+idiWi, ...,r'Kk+id2g~-iWi) 
by the element riTk+iPi which lies in Z,Gk+i- The right factor riTk+iPi is seen to be non-trivial in ZGk+i 
as follows. Note r-Kk+iPi is a linear combination of 4 group elements e, rTTk+i{xw~^), r'Kk+i{{'wf )~''^), and 
riTk+iix) in Gk+i- For riTk+iPi to vanish in "LGk+i the group elements would have to pair up in a precise 
way and in particular in such a way that r'Kkj^i{x) — riTk+iixw^^) in Gk+i- This is a contradiction since 
rTTk+i{wi) 7^ e by hypothesis. No other pairing is possible because the projections of the 4 elements to Gi 
are e, r7ri(x), e and r7ri(a;) and we have already noted that r7ri(a;) = rTri{x2g) is non-trivial in Gi. Since 
these right factors are non-trivial and since ZGk+i has no zero divisors, the right linear independence of 
the collection of vectors obtained by ignoring the pi, (riTk+idiWi^ ...,rnk+id2g~iWi), would be sufficient 
to imply the right linear independence of the original set of vectors. We denote these new vectors by 
v?'^''". So far we have only dealt with those values of i that fall under Case 1. 
Case 2: rirk+iiwi) — e. 

As above one computes that (i([wi, wi]) — {dwi)qi + {dwi){'w^^ — [wi, Wi]) where qi is independent of 
j and is equal to 1 — Wi^[wi,Wi]. Note that under the map r-Kk+i the factor (w"^ — \w\,Wi\) goes to 
zero. Thus for any value of i that falls under Case 2, the vector in question, (rTr^+iSiZi, rTrk+id2g-iZi) 
is a right multiple of the vector (rnk+idiWi, ...,rTTk+id2g-iWi) by the element rnk+iqi- We denote the 
latter vector by v!^"*'"'" as above. An argument just as in Case 1 shows that the right factor r-Kk+iqi is 
non-trivial, using the nontriviality of rTTfe+i (wi). 

Now our objective is to show that the set of vectors vf'^"'' is ZG^+i -linearly independent. Recall 
that our hypothesis is that the set of vectors {rnkdiWi, ...,rTrkd2g-iWi), which we denote by v!^, is liGk- 
linearly independent. Note that, for each i, vj^ is the image of v!^"''"'" under the canonical projection 
{'LGk+i)'^^~^ — > (ZGfe)^f~^. We assert that the linear independence of vj' implies the linear indepen- 
dence of vH^"'' since the kernel of Gk+i — > Gk is a torsion free abelian group and hence a D(Z)-group 
in the sense of R. Strebel. Details follow. This will complete the verification, that {21, ...Z2g-i} has the 
good property. 

To establish our assertion above, consider that the vectors describe an endomorphism / of free 

right ZGfc+i modules / : (ZGfe+i)^^^"'^ — > (ZG^+i)^^"^ given by multiplying on the left by the matrix 
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M whose columns are the v!'+\ Then / mduces such a map / : {ZGk)^3-i — , {ZGkfs-i 

given by the 

matrix M obtained by projecting each entry of M. Thus the columns are the v!^. Let H — ci''^ /ci''^^^ 
and note that ZGk+i <S>z[h] ^ — '^Gk where a 1 i— > a, as ZG^+i — Z bimodules. Moreover (under this 
identification) / descends to /®id : {ZGkfs-i — , (ZG^)^^"^ sending v (for v G (ZGfc+O^s-i) to f{v), 
thus agreeing with / above. Our hypothesis on guarantees that the columns of M are right linearly 
independent and hence that / is injective. Since H is torsion-free-abelian, a theorem of Strebel |Strl 
Section 1] ensures that the injectivity of / id = / implies the injectivity of /. This in turn implies the 
linear independence of the columns of M, which are the vj'"'""''. 

□ 
□ 
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